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Abstract

Two resultsconcerningtheZomeSystemareofferedhere. The �rst is a surprisinglysimplemodelof Gosset's 8-
dimensionalsemiregularpolytope421 , built usingthetwo “natural” sizesof Zomemodelsof the600-cell.Next we
provide partslists for Zomemodelsof the15 convex uniform polychorawith thesamesymmetryasthe600-cell.
For goodreason,a few of thesemodelshave never beenbuilt before,but having thepartslist availableis a �rst step
towardsrealizingall of them.We alsooffer someguidanceonhow to build thesemodels.

1. Intr oduction

The ZomeSystemhasproved to be a useful tool for studyingexceptionalgeometry. It would annihilate
the ideato give a propermathematicalde�nition of “exceptional”,althoughonecansaygenerallythat a
geometricalsystemis exceptionalif it seemsto defy generalization.The Coxetergroupsfor H 4 andE8

andall their associatedgeometriesappearto do just this,andtheZomeSystem,remarkably, is a greattool
for studyingtheirassociatedgeometries.Moreover, generallyspeaking,exceptionalobjectsoftenpossessa
highdegreeof symmetry. Thegroupfor H 4 has14,400elements,andthegroupfor E8 hasanastounding

3! � 4! � 5! � 8! = 696; 729; 600

elements.Thus,in this context, theseobjectshave strongappealto our aestheticsenses.In thesenoteswe
provide descriptionsof many Zomemodelsassociatedwith H 4 andE8. Zomemodelsaregenerallyvery
pretty, andthesemodelsillustratethis aswell.

The�rst resultis thatonemayusetheZomeSystemto modelGosset's 8-dimensionalsemiregularpoly-
tope421, [6]. The mostef�cient way to de�ne this polytope,perhaps,is to say it is the convex hull of
the 240 rootsof the exceptionalE8 lattice. The Zomemodel is the resultof the observation that, in any
connectedZomemodel,theballsmustlie in a quasicrystallinelatticerelatedto theE 8 lattice, [3, 5]. The
constructionof themodelis remarkablysimple,assumingonecanbuild themodelof the600-cellusingthe
ZomeSystem.Of course,skeletonsof theothersemiregularpolytopes321 and221 correspondingto E7 and
E6 areimbeddedin 421, soonealsoobtainsmodelsof theseautomatically, [2].

Next, therearepartslists for theconstructionof all of theconvex uniform polychorawith thesamesym-
metryof the600-cell,alsocalled“H 4-polychora”.Thesecanbedescribedasanaloguesof theArchimedean
polyhedrain 4 dimensions.Thesecountswereobtainedby meansof a correspondencetheoremconcerning
some“fundamental”strut familiesf R1; R2; Y2; B2g andf R2; R3; Y3; B3g andthe conjugacy classesof
the icosahedralgroup. Speci�c instructionson how to build thesemodelsareonly outlined. It is assumed



thatthereaderhasalreadyconstructedZomemodelsof someof thesepolychora,especiallythe600-cellor
the 120-cellprojections,andthat s/hecould probably�gure out how to build the remainingmodelswith
someminimal guidance.Naturally, these15 models,beingmereedgeskeletons,representnot only convex
polychora,but wholeregimentsof uniformpolychorawith H 4 symmetry.

Onemustrefer to the 600-cellrepeatedlythroughoutall of thesenotes. In fact, to get started,the user
shouldbuild amodelof the600-cellimmediately, usingthesmallerstrutfamily f R1; R2; Y2; B2g. Onecan
�nd instructionsfor how to build this fundamentalmodelin [7].

2. The CoxeterGraphs of Zome

In orderto understandthegeometryassociatedwith theseobjects,it helpsto bea little familiar with the
theoryof Coxetergroups.Wedon't have thespaceto go into greatdetail,but it will behelpful to beableto
recognizetheCoxetergraphsfor H 4 andE8:
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Figure 1. TheCoxeterGraphfor H 4. Figure 2. TheCoxeterGraphfor E8.

A Coxetergraphcontainsall theinformationabouthow thegroupis presentedby generatorsandrelations.
First, eachvertex representsa mirror in n-dimensionalspace,wheren is thenumberof vertices. In other
words,eachvertex correspondsto an elementof order2. Next, eachunmarked edgedesignatesthat the
correspondingpair of mirrors intersectsat 60� , theedgemarked by `5' designatesthat the angleof inter-
sectionof thesemirrors is 36� , anda non-edgebetweentwo verticesdesignatesthat theanglebetweenthe
mirrorsis 90� . Not surprisingly, thiscollectionof n mirrorsis calleda“kaleidoscope”.Theclassi�cationof
kaleidoscopeswhichyeild a �nite groupappearsin [2].

Thesetwo Coxetergraphsare“exceptional”in their own way becausethey appearto defy generalization
in thefamilieswherethey areusuallyseen.TheCoxetergroupfor H 4 is thesymmetrygroupof the600-cell
(andall of thepolychoraweconsiderhere),andtheCoxetergroupfor E 8 is thesymmetrygroupof Gosset's
8-dimensional�gure 421.

3. Gosset's Figure in 8 Dimensions.

3.1. Intr oduction. Gosset's �gure 421 in 8 dimensionsis a remarkablesemiregular polytopehaving 240
verticesand6720edges. It is “semiregular” becauseit comesaboutas closeto being regular as it can,
consideringthe enormousconstraintsthat “regularity” imposes. All of its 7-dimensionalhyperfacesare
regular polytopes. Its symmetrygroup, as we have alreadyremarked, hasnearly 700 million elements.
Gosset's simplersemiregularpolytopes321 with 56verticesand756edgesand221 with 27verticesand216
edges,alsopossessingahighdegreeof symmetry, exist embeddedas2-skeletonsin Gosset's 8-dimensional
�gure, sothis oneobject421 hasa wealthof exceptionalstructure.If we hada way to seein 8 dimensions,



surelywewouldbedazzledby its beauty.

Remarkably, it is possibleto modelGosset's �gure usingtheZomeSystem,and,just asremarkably, the
modelis incrediblysimple,assumingoneis moderatelyfamiliar with theZomemodelof the600-cell.One
merelyunitesthetwo “natural” sizesof Zomemodelsof the600-cellwhichcanbebuilt usingthecommonly
availableparts.Thus,onestartsby building thesmall versionof the600-cell,usingthesmall strut family
f R1; R2; Y2; B2g. Thenusethelargerstrutfamily f R2; R3; Y3; B3g to build thelargeversionof the600-
cell with thesmallmodelservingasa core.Uponcompletion,oneshouldhave a modelresemblingthat in
thephotograph.

Figure3. ZomeModelof Gosset's 8-DimensionalFigure.

As we have mentioned,the symmetrygroupof 421 is the Coxetergroup for E8. Notice that onecan
“collapse” thegraphof E8 onto thegraphof H 4 so that threeof theedgesof theE8 graphcoincidewith
theedgemarkedby `5' in thegraphfor H 4. This2-to-1collapsingmapbetweenthesetwo graphscoincides
geometricallywith thefactthattheunionof theconcentricunionof two Zomemodelsof the600-cellyields
a faithful modelof Gosset's �gure. Saiddifferently, it is possibleto imaginetheE 8 graphastheunionof
two copiesof theH 4 graphandseesomegeometricsigni�canceto this, [3, 5].

TheZomemodelof Gosset's �gure 421 certainlyhasits faults.Themostglaringisasfollows: Whereasthe
ballsof theZomemodelfaithfully representtheimagesof the240verticesunderanorthogonalprojection
from 8-dimensionalspaceto 3-dimensionalspace,thestrutsdon't. Gosset's �gure has6,720edges,andonly
a few of thesearerepresentedby Zomestruts.Also, thestrutsononeof theZomemodelsof the600-cellin
theZomemodelof Gosset's �gure donot faithfully representedgesof Gosset's �gure.



4. The H4 Polychora.

4.1. Intr oduction. Recallthata polyhedronrepresentsanArchimedeansolid if (a) it is convex, (b) all the
facesareregularpolygons,and(c) thereis only onecongruencetypeof vertex �gure. In four dimensions,
one obtainsa more robust family of polychoraif one altersthis de�nition just slightly beforeapplying
dimensionalanalogy. Onesaysthatapolychoronis uniformif (a)all of its hyperfacesareuniformpolyhedra
and(b) thereis only onecongruencetypeof vertex �gure. Recallalsothata polychoronhaspreciselytwo
polyhedrasharingeachtwo-dimensionalface. We areinterestedherein the15 convex uniform polychora
having the samesymmetryas the 600-cell. We refer to thesebrie�y as the “H 4 polychora”, although
properlyspeakingthis family containsmany morethan15polychora.As amatterof fact,sinceweareusing
theZomeSystem,ourmodelswill indeedrepresentwholeregimentsof polychorawith H 4 symmetry.

OnecanimaginetheH 4 polychroraascorrespondingto the7 Archimedeansolidsincludingtheregular
icosahedron,theicosidodecahedron, theregulardodecahedron,thetruncatedicosahedron,therhombicosi-
dodecahedron,the truncatedicosahedron,and the rhombitruncatedicosidodecahedron. In a very natural
way, these7 polyhedracorrespondto thenon-emptysubsetsof a 3-elementset.Technically, for eachCox-
etergroupG, thereis associateda family of convex uniform polytopeshaving thesymmetrygroupG, and
eachof theseis determinedby its Wythoff symbol.Onemay�nd adetaileddescriptionof thisclassi�cation
ansatzin [2]. While thetechnicalitiesbehindtheWythoff arecomplicated,oneshouldobserve that it pro-
videsa convenientandef�cient substitutefor ungeneralizableverbosetermssuchas“rhombitruncated”,to
giveoneexample.Thus,in thetableappearingbelow, wereferto eachof these15convex polychoramerely
by its associatedWythoff symbol.

All of theZomemodelswe considerhererequireasystemof only four Zomelengths,either

f R1; R2; Y2; B2g

or thescaled-upversions
f R2; R3; Y3; B3g:

The600-cellprojectionor the120-cellprojectionshouldappearasobvious examples.As of this writing,
only a few morethanhalf of theZomemodelsof theH 4 polychorahave ever beenbuilt by humanhands,
roughlythoseappearingin the�rst half of thetable.Mostof thesemodelsrequirehundredsif not thousands
of Zomeparts,soit is desirableto haveaprecisecountonhow many piecesareneededbeforeonebeginsto
makeoneof them.The�rst partof thissectiongivesapartscountfor all 15of thesepolychora.Thecounts
arebasedon sometopologicalconsiderationsandan interestingresultwhich relatesthesenumbersto the
ratio [1 : 12 : 12 : 20 : 15]. Next in thissection,wegive someindicationon how to put thesetogether, once
onehasall therequiredpieces.

4.2. Brief Description of the Table. The �rst column shows the Wythoff symbol for eachof the 15
polychora. The valuesB , R1, R2, Y2, andB2 give the requirednumbersof balls andR1, R2, Y2, and
B2 struts. Notice thatR1 = R2 for every polychoron.The last two columns@B and@B 2 requirefurther
explanation.Brie�y , thesearethenumbersof ballsandbluestruts“on theboundary”.

4.3. SomeDetails. Topologically, eachof thepolychorawe considerhereis homeomorphicto thehyper-
sphere

S3 = f (w; x; y; z) : w2 + x2 + y2 + z2 = 1g;

ananalogueof thecommonsphereS2 in 3 dimensions.Every Zomemodelconsideredhererepresentsthe



imageof theprojection

� :
�

R4 ! R3;
(w; x; y; z) 7! (x; y; z):

Thus,if e is any k-dimensionalcell of a polychoron,then� (e) is a cell of equalor lower dimensionin R3.
It is convenientto saythattheimageof � is actuallyaZomemodel.Thus,if v is avertex, thenonemaysay
that� (v) is aball andif e is anedge,then� (e) is astrut(generally).

Considertheresultof applyingtheprojection� to S3. Onecancheckthattheimageis

� (S3) = f (x; y; z) : x2 + y2 + z2 � 1g:

In otherwords,� (S3) is aclosedsolidball in R3. It is usefulto partition� (S3) into two sets

� (S3) = S2 q B 3;

whereS2 = f (x; y; z) : x2 + y2 + z2 = 1g is theordinary2-sphereandB 3 = f (x; y; z) : x2 + y2 + z2 < 1g
is an openball, the interior of � (S3). Thesigni�canceof this partition is asfollows: If p 2 B 3, thenthe
preimage� � 1(p) consistsof two pointsin S3, while if p 2 S2, thenthepreimageis only onepoint in S3.
Thisobservationis instrumentalin obtainingthepartslists.

Wythoff Symbol v e B R1 = R2 Y2 B2 @B @B2

q q q q5 e 120 720 75 72 120 120 30 60

q q q q5 e 720 3600 396 360 600 480 72 60

q q q q5 e 1200 3600 640 360 600 480 80 60

q q q q5e 600 1200 330 120 200 180 60 60

q q q q5 e e 1440 4320 780 432 720 600 120 120

q q q q5 e e 3600 10800 1860 1080 1800 1380 120 60

q q q q5e e 2400 7200 1260 720 1200 960 120 120

q q q q5 e e 3600 7200 1860 720 1200 960 120 120

q q q q5e e 3600 10800 1860 1080 1800 1380 120 60

q q q q5e e 2400 4800 1260 480 800 660 120 120

q q q q5 e e e 7200 14400 3660 1440 2400 1860 120 120

q q q q5e e e 7200 18000 3660 1800 3000 2280 120 60

q q q q5e e e 7200 18000 3660 1800 3000 2280 120 60

q q q q5e e e 7200 14400 3660 1440 2400 1860 120 120

q q q q5e e e e 14400 28800 7200 2880 4800 3600 0 0

Table1. ZomePartsList for H 4 Polychora.

ChooseanH 4 polychoronX . Themethodfor determiningtherequirednumberB of ballsto build � (X )
is perhapsthesimplest.Let v bethenumberof verticesof X . Fromthetopologicalpropertyof � , onesees



thatthenumberof ballsis v=2 plussomecorrectionterm.Thiscorrectiontermdependsonly onwhichballs
lie ontheboundaryof themodel.If @B denotesthenumberof ballsontheboundary, thenoneevidentlyhas

B =
v + @B

2
:

Onemay quickly determine@B by constructingpart of the boundaryof � (X ). This explains the “@B ”
column.

Themethodfor obtainingtherequirednumbersof strutsin � (X ) usesa“correspondencetheorem”given
(but not proven) below. First de�ne an “enhanced”polychoronasfollows: We know that the projection
� (X ) may be constructedwith a family of Zome struts,say f R1; R2; Y2; B2g. Mark eachedgeof X
accordingto how it is mappedby � , whetherit is collapsedto a point or mappedto oneof thestrutsfrom
f R1; R2; Y2; B2g. Let E denotethesetof thesemarkededges,andcall this setthe“virtual struts”of X .
Theenhancedpolychoronis theorderedpair (X ; E), andthecorrespondencetheoremreads:

Theorem. SupposeX is a convex uniform polychoron with H 4 symmetry, n is the numberof collapsed
edges,r 1, r2, y2, andb2 respectivelyare thenumbers of virtual strutsmarkedby R1,R2,Y2,andB2,ande
is thetotal numberof edges.Then

(n; r 1; r2; y2; b2) =
e
60

� (1; 12; 12; 20; 15):

Given thecorrespondencetheorem,it is a fairly simplematterto determinehow many strutsof various
colorsarerequiredto make � (X ). As with theballs,therequirednumbersof R1struts,R2struts,Y2 struts,
andB2 strutsaregivenapproximatelyby

R1 � r1=2 = e=10;
R2 � r2=2 = e=10;
Y2 � y2=2 = e=6;
B2 � b2=2 = e=8;

wherethe exact valuesareobtainedby addingsomecorrectionterms. After constructinga partial Zome
modelof theboundaryof � (X ), onediscoversthata correctiontermis neededonly for theB2 struts.With
that,let @B2 denotethenumberof B2 strutslying on theboundary. Thenonehas

R1 = R2 = e=10;
Y2 = e=6;
B2 = e=8 + @B2=2:

Again,thedatafor @B2 arein thetable.

4.4. Assemblingthe models. Given that onemay obtainall the partsrequiredto make any oneof these
models,one is still facedwith the problemof putting all the piecestogether. We do not have the space
to detail the constructionof every Zomemodeldescribedhere,so we offer somegeneralguidelineswith
referencesto a few well-known speci�c examples. First off, observe that the modelsin the tablecanbe
groupedinto four sets,accordingto the numberof circled verticesin the Wythoff symbol. The �rst four
polychora,having only onecircledvertex andincludingthe600-celland120-cell,arethesimplest.Although
it mayseempresumptuousto say, generallyspeaking,if onecan�gure out how to build these�rst four, it
doesnot take muchmoreeffort to seehow the remaining11 areput together. Although it wassuggested



earlier, perhapsit deservesrepeatingthat in orderto follow this, oneshouldbuild thesimplermodels�rst,
especiallythe120-cellandthe600-cellmodels.

Icosahedral Symmetry. All of the Zomemodelswe considerherehave icosahedralsymmetry. This
facthasprofoundimplicationson how onemustproceedto build any oneof thesemodels.Enforcingthe
presenceof icosahedralsymmetrygoesas follows: If at any time during the constructionwe determine
thecorrectway thata Zomepartmustbeattached,thenwe must“completethestage”by attachingcorre-
spondingZomepartsto themodelso that thewholeassemblyhasicosahedralsymmetry. In this regard,it
helpsto befamiliarwith somedataassociatedto theicosahedralgroup.Oneshouldnoticethatthenumbers
f 12; 20; 30; 60; 120g make frequentappearances.For example,theZomemodelof the600-cellhas7 layers
comprisedof

20+ 20+ 20+ 30+ 60+ 60+ 60 = 270

solid tetrahedra.Thesesortsof observationspervadethe constructionof any oneZomemodelof the H 4

polychora.

Cellular Structure. If onedesiresto make oneof these15 Zomemodels,onemustacquaintoneself
with the cellular structureof its underlyingpolychoron. This meansthat onemust know what typesof
Archimediansolids make up the polychoron,andhow they arearrangedaroundevery vertex and every
edge. Sincethesepolychoraareuniform, thereis only onevertex con�guration. The numberof circled
verticesin theWythoff symbolis equalto thenumberdifferenttypesof edgecon�gurations.For example,
the truncated600-cell,having the two right-mostverticescircled, hastwo typesof edges,onewherean
icosahedronandtwo truncatedtetrahedrameet,andtheotherwhere5 truncatedtetrahedrameet.

Oncea �rm graspof thecellularstructureof thepolychoronis established,onefollows asortof “analytic
continuation”basedon theCoxetergroupfor H 4. It is a statedassumptionthat this groupmustserve asa
setof symmetriesfor eachof thesepolychora,soeachof thesepolychorais extraordinarilyhomogeneous
with respectto H 4. Eachpolychoroncanbeconsideredasanassemblyof precisely14,400partsall having
theexactsamestructure.To giveacoupleexamples,onemaypartitioneachtetrahedronof the600-cellinto
24 congruenttetrahedraor partition eachdodecahedronof the 120-cell into 120 congruenttetrahedra.In
bothcasesoneobtainsa total of 14,400congruenttetrahedra.Oneobtainssimilar partitionsfor all of these
15 polychora,always�nding thatthereareprecisely14,400congruentparts.Technically, onesaysthatthe
actionof thenaturalactionof theCoxetergroupon4-dimensionalspacehas14,400fundamentalregions.

The SquashingPhenomenon.Onemustrememberthateachof theseZomemodelsaccuratelyrepresents
anorthogonalprojectionof oneof these4-dimensional�gures into 3-dimensionalspace.With this projec-
tion, somedistortionof thecells is inevitable. This is apparentin theZomemodelof the120-cell,which
is comprisedof 120 regular dodecahedra.Onenoticesthat the dodecahedranearthe centerof the model
aremoreroundedthanthoseappearingnearthe edge. In fact, the Zomemodelhasprecisely30 dodeca-
hedrawhich have beencompletely�attenedby theprojectioninto 3-space.Theseappearon theboundary
of the modelas irregular hexagons�lled with 4 distortedpentagonseach. Every Zomemodelof an H 4-
polychoron,asdescribedhere,mustpossessthis propertyof having distortedcellsneartheouterboundary
andmoreroundedcellsnearthecenter.

Engineering. Thestability of oneof thesemodelsdependsgenerallyon two factors,theoverall weight
of all thepieces,andthenumberof strutswhich mustconnectto eachball. Obviously theheavier models
aremoreunstable.Moreover, it canbearguedthatthestability increasesroughlywith thenumberof struts
at every ball. TheZomemodelof the600-cellis by far themoststable,requiringrelatively few piecesand
having a total of 12 edgesat every vertex. Most of themodelscorrespondingto the last � ve entriesof the
tablehave only 4 edgespervertex andmustberelatively heavy.



To addresstheseproblems,thereareseveralobvioussolutions.SomeZomebuildershave usedingenious
Zomesupportsystems,connectedin variouskey pointscloseto thecontactpointbetweenthemodelandthe
�oor . In this regard,it alsohelpsto inspectthemodelfor whichpartof theboundaryis bestsuitedto handle
thepressurefrom above;onegenerallylooksfor a largepartof theboundarywhichis completely�at sothat
onemaydistribute theweightover a large area.For example,if onewishesto build a Zomemodelof the
omnitruncated120/600-cell,correspondingto the lastentry in thetable,onemaynoticethat theboundary
hasprecisely30rhombitruncatedicosidodecahedrawhichhavebeencompletely�attenedby theprojection.
Sincethese�at partsof theboundaryhave somucharea,it is naturalto restthemodelon this surface,and
build from thegroundup. Finally, anothersolutionis to build thelargermodelsusinga strutfamily which,
asof this writing, is not yet available,sayf R0; R1; Y1; B1g. Naturally, this would reducethetotal weight
by 1=� , where� is theGoldenRatio,andthusyield a morestablemodel.Moreover, smallerstrutsareless
�e xible in proportionto theirweight,sothereis lesstotal strainon thepieceswhenoneusessmallerstruts.
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