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Abstract

Two resultsconcerningthe Zome Systemare offered here. The rst is a surprisinglysimple modelof Gosset 8-
dimensionakemirgularpolytope4,:, built usingthetwo “natural” sizesof Zomemodelsof the 600-cell. Next we
provide partslists for Zomemodelsof the 15 convex uniform polychorawith the samesymmetryasthe 600-cell.
For goodreasonafew of thesemodelshave never beenbuilt before,but having the partslist availableis a rst step
towardsrealizingall of them.We alsooffer someguidanceon how to build thesemodels.

1. Intr oduction

The Zome Systemhasproved to be a usefultool for studyingexceptionalgeometry It would annihilate
the ideato give a propermathematicatle nition of “exceptional”, althoughone cansay generallythata
geometricalystemis exceptionalif it seemdo defy generalization.The Coxetergroupsfor H4 andEg
andall their associatedieometriesmppearo do just this, andthe Zome System remarkablyis a greattool
for studyingtheirassociategeometriesMoreover, generallyspeakingexceptionalobjectsoften possess
high deggreeof symmetry Thegroupfor H 4 has14,400elementsandthe groupfor E g hasanastounding

3! 41 5! 8!= 696 729 600

elementsThus,in this contet, theseobjectshave strongappealto our aestheticsensesin thesenoteswe
provide descriptionsof mary Zomemodelsassociateavith H4 andEg. Zomemodelsaregenerallyvery
pretty andthesemodelsillustratethis aswell.

The rst resultis thatonemay usethe Zome Systemto model Gosses 8-dimensionasemirgular poly-
tope 4,1, [6]. The mostefcient way to de ne this polytope,perhapsijs to sayit is the corvex hull of
the 240 roots of the exceptionalE g lattice. The Zomemodelis the resultof the obseration that, in ary
connectedZomemodel,the balls mustlie in a quasicrystallindattice relatedto the E g lattice,[3, 5]. The
constructiorof themodelis remarkablysimple,assumingpnecanbuild the modelof the 600-cellusingthe
ZomeSystem.Of course skeletonsof the othersemirgular polytopes3,; and2,; correspondingo E7 and
Eg areimbeddedn 4,,, soonealsoobtainsmodelsof theseautomatically[2].

Next, therearepartslists for the constructiorof all of the corvex uniform polychorawith the samesym-
metryof the600-cell,alsocalledH 4-polychora”. Thesecanbe describedsanaloguesf the Archimedean
polyhedrain 4 dimensionsThesecountswereobtainedoy meansof a correspondenciéeoremconcerning
some“fundamental”’strutfamiliesf R1; R2; Y2; B2g andf R2; R3; Y3; B3g andthe conjugay classeof
theicosahedrafjroup. Speci c instructionson how to build thesemodelsareonly outlined. It is assumed



thatthereademhasalreadyconstructedomemodelsof someof thesepolychora,especiallythe 600-cellor
the 120-cell projections,andthat s/hecould probably gure out how to build the remainingmodelswith
someminimal guidance Naturally thesel5 models,beingmereedgeskeletonsyepresenhot only convex
polychorabut wholeregimentsof uniform polychorawith H 4 symmetry

Onemustreferto the 600-cellrepeatedlythroughoutall of thesenotes. In fact, to getstarted,the user
shouldbuild amodelof the 600-cellimmediatelyusingthesmallerstrutfamily f R1; R2; Y2; B2g. Onecan
nd instructionsfor how to build this fundamentamodelin [7].

2. The Coxeter Graphs of Zome

In orderto understandhe geometryassociatedavith theseobjects,it helpsto be a little familiar with the
theoryof Coxetergroups.We don't have the spaceo go into greatdetail, but it will be helpfulto beableto
recognizehe Coxetergraphsfor H 4, andEsg:

Figure 1. The CoxeterGraphfor H 4. Figure 2. The CoxeterGraphfor Eg.

A Coxetergraphcontainsall theinformationabouthow thegroupis presentedby generatorandrelations.
First, eachvertex represents mirror in n-dimensionakpacewheren is the numberof vertices. In other
words, eachvertex correspondso an elementof order2. Next, eachunmarlked edgedesignateshatthe
correspondingpair of mirrorsintersectsat 60 , the edgemarked by '5' designateshatthe angleof inter-
sectionof thesemirrorsis 36 , anda non-edgeetweertwo verticesdesignateshatthe anglebetweerthe
mirrorsis 90 . Not surprisingly this collectionof n mirrorsis calleda “kaleidoscope” Theclassi cationof
kaleidoscopewhichyeild a nite groupappearsn [2].

Thesetwo Coxetergraphsare“exceptional”in their own way becausehey appearo defy generalization
in thefamilieswherethey areusuallyseen.The Coxetergroupfor H 4 is thesymmetrygroupof the 600-cell
(andall of thepolychorawe considethere),andthe Coxetergroupfor E g is thesymmetrygroupof Gosses
8-dimensionalgure 4,;.

3. Gossets Figurein 8 Dimensions.

3.1. Intr oduction. Gosset gure 4,7 in 8 dimensionds a remarkablesemirgular polytopehaving 240
verticesand 6720 edges. It is “semirgyular’ becausat comesaboutas closeto beingregular asit can,
consideringthe enormousconstraintshat “regularity” imposes. All of its 7-dimensionahyperficesare
regular polytopes. Its symmetrygroup, as we have alreadyremarled, hasnearly 700 million elements.
Gosses simplersemirgularpolytopes3,; with 56 verticesand756edgesand2,1 with 27 verticesand216
edgesalsopossessing high degreeof symmetry exist embedde@s?2-skeletonsn Gosset 8-dimensional
gure, sothis oneobject4,; hasawealthof exceptionalstructure.lf we hadaway to seein 8 dimensions,



surelywe would bedazzledby its beauty

Remarkablyit is possibleto modelGosset gure usingthe Zome System and,just asremarkablythe
modelis incredibly simple,assumingoneis moderatelyfamiliar with the Zomemodelof the 600-cell. One
merelyunitesthetwo “natural” sizesof Zomemodelsof the600-cellwhich canbebuilt usingthecommonly
available parts. Thus,onestartsby building the small versionof the 600-cell, usingthe small strut family
fR1; R2;Y2; B2g. Thenusethelargerstrutfamily f R2; R3; Y3; B3g to build thelarge versionof the 600-
cell with the smallmodelservingasa core. Uponcompletion,oneshouldhase a modelresemblinghatin
the photograph.

Figure 3. ZomeModel of Gosses 8-DimensionaFigure.

As we have mentioned the symmetrygroup of 4, is the Coxetergroupfor Eg. Notice thatone can
“collapse”the graphof Eg ontothe graphof H4 sothat threeof the edgesof the Eg graphcoincidewith
theedgemarkedby '5' in thegraphfor H 4. This 2-to-1collapsingmapbetweerthesewo graphscoincides
geometricallywith thefactthatthe unionof the concentriaunionof two Zomemaodelsof the 600-cellyields
afaithful modelof Gosses gure. Saiddifferently it is possibleto imaginethe E g graphasthe union of
two copiesof theH 4 graphandseesomegeometricsigni canceto this, [3, 5].

TheZomemodelof Gosset gure 4,1 certainlyhasits faults. Themostglaringis asfollows: Whereaghe
balls of the Zomemodelfaithfully representheimagesof the 240 verticesunderan orthogonalprojection
from 8-dimensionaspacdo 3-dimensionaspacethestrutsdont. Gosses gure has6,720edgesandonly
afew of thesearerepresentetly Zomestruts.Also, the strutson oneof the Zomemodelsof the 600-cellin
theZomemodelof Gosset gure do notfaithfully represenedgesof Gosses gure.



4. The H4 Polychora.

4.1. Intr oduction. Recallthata polyhedrornrepresentan Archimedearsolid if (a) it is corvex, (b) all the

facesareregular polygons,and(c) thereis only onecongruenceype of vertex gure. In four dimensions,
one obtainsa more robust family of polychoraif one altersthis de nition just slightly beforeapplying

dimensionahlnalogy Onesaysthata polychoronis uniformif (a)all of its hyperfcesareuniformpolyhedra
and(b) thereis only onecongruenceype of vertex gure. Recallalsothata polychoronhaspreciselytwo

polyhedrasharingeachtwo-dimensionaface. We areinterestecherein the 15 corvex uniform polychora
having the samesymmetryas the 600-cell. We refer to thesebrie y asthe “H 4 polychora”, although
properlyspeakinghis family containamary morethanl15 polychora.As amatterof fact,sincewe areusing

theZomeSystempur modelswill indeedrepresentwholeregimentsof polychorawith H 4, symmetry

Onecanimaginethe H 4 polychroraascorrespondingo the 7 Archimedearsolidsincluding the regular
icosahedrontheicosidodecahedm the regular dodecahedrorthe truncatedcosahedronthe rhombicosi-
dodecahedrorthe truncatedicosahedronand the rhombitruncatedcosidodecahedro In a very natural
way, these7 polyhedracorrespondo the non-emptysubset®f a 3-elemenset. Technically for eachCox-
etergroupG, thereis associateé family of corvex uniform polytopeshaving the symmetrygroupG, and
eachof theses determinedy its Wythoff symbol.Onemay nd adetaileddescriptiorof this classi cation
ansatan [2]. While thetechnicalitiesdbehindthe Wythoff arecomplicatedpneshouldobsere thatit pro-
videsa cornvenientandef cient substitutefor ungeneralizablgerboseiermssuchas“rhombitruncated”to
give oneexample.Thus,in thetableappearindelow, we referto eachof thesel5 convex polychoramerely
by its associatedVythoff symbol.

All of theZomemodelswe considethererequirea systemof only four Zomelengths either
fR1;R2;Y2;B2g

or thescaled-uprersions
fR2; R3;Y3;B30:

The 600-cellprojectionor the 120-cellprojectionshouldappearas obvious examples. As of this writing,
only afew morethanhalf of the Zomemodelsof the H 4 polychorahave ever beenbuilt by humanhands,
roughlythoseappearingn the rst half of thetable.Most of thesemodelsrequirehundredsf notthousands
of Zomeparts,soit is desirabldo have aprecisecounton how mary piecesareneededeforeonebeaginsto
malke oneof them. The rst partof this sectiongivesa partscountfor all 15 of thesepolychora.Thecounts
are basedon sometopologicalconsiderationgndan interestingresultwhich relatesthesenumbersto the
ratio[1:12:12: 20: 15] Next in this sectionwe give someindicationon how to putthesetogetheronce
onehasall therequiredpieces.

4.2. Brief Description of the Table. The rst columnshavs the Wythoff symbol for eachof the 15
polychora. The valuesB, Ry, Ry, Y2, andB, give the requirednumbersof ballsandR1, R2, Y2, and
B2 struts. NoticethatR; = R for every polychoron. The lasttwo columns@ and @B, requirefurther
explanation.Brie y, thesearethe numbersof ballsandblue struts“on theboundary”.

4.3. SomeDetails. Topologically eachof the polychorawe considerhereis homeomorphido the hyper
sphere
S3= f(w;xy;2) :w?+ x%+ y?+ 22 = 1g;

ananalogueof the commonsphereS? in 3 dimensions Every Zomemodelconsiderechererepresentshe



imageof the projection
R4 ! R3:
(w;x;y;2) 70 (X¥;2):

Thus,if eis ary k-dimensionakell of a polychoronthen (e) is acell of equalor lower dimensionin R2.
It is corvenientto saythattheimageof is actuallyaZomemodel. Thus,if v is avertex, thenonemaysay
that (v) isaball andif eis anedgethen (e) isastrut(generally).

Considertheresultof applyingthe projection to S3. Onecancheckthattheimageis
(S3) = f(x;y;2) : x°+ y?+ 2> 1g
In otherwords, (S2®) is aclosedsolidballin R3. It is usefulto partition (S2) into two sets
(S°) = $°q B
whereS? = f(x;y;z) : x?+ y?+ z? = 1gistheordinary2-spherandB 3 = f(x;y;z) : x2+ y?+ z° < 1g
is anopenball, theinterior of (S2). The signi canceof this partitionis asfollows: If p 2 B3, thenthe

preimage (p) consistsof two pointsin S2, while if p 2 S?, thenthe preimageis only onepointin S3.
This obsenrationis instrumentain obtainingthe partslists.

Wythoff Symbol % e B |[Ri=R2| Y2 B, || @ | @
g5 q q ¢g 120 | 720 || 75 72 120 | 120 || 30 | 60
g% q g q 720 | 3600 || 396 | 360 | 600 | 480 | 72 | 60
g% q g q 1200 | 3600 || 640 | 360 | 600 | 480 || 80 | 60
895 q g q 600 | 1200 | 330 | 120 | 200 | 180 | 60 | 60

(6]

g2 q g ¢ 1440 | 4320 || 780 432 720 | 600 || 120| 120
g9-9 g ¢ 3600 | 10800|| 1860 1080 |1800|1380| 120| 60
8> q g 9 2400 | 7200 | 1260 720 1200| 960 || 120| 120
g°> 8 § ( 3600 | 7200 | 1860 720 1200| 960 || 120| 120
=09 q 3600 | 10800|| 1860 1080 |1800|1380| 120| 60
29 g ¢ 2400 | 4800 | 1260 480 800 | 660 || 120| 120
q9-9 g ¢ 7200 | 14400| 3660| 1440 |2400|1860| 120| 120
8> q €9 9 7200 | 18000|| 3660 1800 |3000|2280| 120| 60
829 g 9 7200 | 18000|| 3660 1800 |3000|2280| 120| 60
8- 9 § ¢ 7200 | 14400| 3660 1440 |2400|1860| 120| 120
29 g ¢ 14400| 28800| 7200| 2880 |4800| 3600\ O 0

o o o1 (o1 (o1 (o1 (o1 (o1 (O1 (O

Table 1. ZomePartsList for H 4 Polychora.

ChooseanH 4 polychoronX . The methodfor determiningtherequirednumberB of ballsto build (X))
is perhapghe simplest.Let v bethe numberof verticesof X . Fromthetopologicalpropertyof , onesees



thatthe numberof ballsis v=2 plussomecorrectionterm. This correctiontermdepend®nly onwhich balls
lie ontheboundaryof themodel.If @ denoteghenumberof ballsontheboundarythenoneevidently has
v+ @

B = :
2

Onemay quickly determine@ by constructingpart of the boundaryof (X). This explainsthe“@8”
column.

Themethodfor obtainingtherequirednumbersof strutsin  (X) usesa*“correspondenctheorem’given
(but not proven) below. First de ne an “enhanced’polychoronasfollows: We know that the projection
(X) may be constructedwith a family of Zome struts,sayfR1; R2;Y2;B2g. Mark eachedgeof X
accordingto how it is mappedby , whetherit is collapsedo a point or mappedo oneof the strutsfrom
fR1;R2;Y2;B2g. Let E denotethe setof thesemarked edgesandcall this setthe “virtual struts”of X .

Theenhancegolychoronis the orderedpair (X ; E), andthe correspondencineorenreads:

Theorem. SupposeX is a corvex uniform polydoron with H4 symmetryn is the numberof collapsed
edges,r, o, y2, andb, respectivelyare thenumbes of virtual strutsmarlkedby R1,R2,Y2,andB2,ande
is thetotal numberof edges. Then

(N; 113723 y2; bp) = 6_eO (1:12 12 20, 15).

Giventhe correspondenctheoremiit is a fairly simplematterto determinehow mary strutsof various
colorsarerequiredto make (X). Aswith theballs,therequirednumberof R1 struts,R2 struts,Y2 struts,
andB2 strutsaregivenapproximatelyby

R1 ri=2= e=l0,
Ro ro=2= e=10;
Yo y2:2 = e=%;
B> =2 = e=§;

wherethe exact valuesare obtainedby addingsomecorrectionterms. After constructinga partial Zome
modelof theboundaryof (X), onediscorersthata correctiontermis needednly for the B2 struts.With
that,let @ » denotethe numberof B2 strutslying ontheboundary Thenonehas

Ri= Rz = e=l0
Y, = e=5;
B- e=8+ @,=2

Again, the datafor @, arein thetable.

4.4. Assemblingthe models. Giventhat onemay obtainall the partsrequiredto make arny oneof these
models,oneis still facedwith the problemof putting all the piecestogether We do not have the space
to detail the constructionof every Zome model describechere,so we offer somegeneralguidelineswith
referencego a few well-known speci c examples. First off, obsere thatthe modelsin the table canbe
groupedinto four sets,accordingto the numberof circled verticesin the Wythoff symbol. The rst four
polychorahaving only onecircledvertex andincludingthe600-celland120-cell ,arethesimplest.Although
it may seempresumptuouso say generallyspeakingjf onecan gure out how to build theserst four, it
doesnot take muchmoreeffort to seehow the remainingl1 are put together Although it wassuggested



earlier perhapst deseresrepeatinghatin orderto follow this, oneshouldbuild the simplermodels rst,
especiallythe 120-cellandthe 600-cellmodels.

Icosahedral Symmetry. All of the Zome modelswe considerherehave icosahedrasymmetry This
facthasprofoundimplicationson how onemustproceedo build ary oneof thesemodels. Enforcingthe
presenceof icosahedrasymmetrygoesas follows: If at arny time during the constructionwe determine
the correctway thata Zome partmustbe attachedthenwe must“completethe stage”by attachingcorre-
spondingZomepartsto the modelsothatthe whole assemblyhasicosahedrasymmetry In this regard, it
helpsto befamiliar with somedataassociatedb theicosahedrafjroup.Oneshouldnoticethatthenumbers
f12,20; 30, 60, 120g make frequentappearances$or example theZomemodelof the 600-cellhas7 layers
comprisedf

20+ 20+ 20+ 30+ 60+ 60+ 60= 270

solid tetrahedra.Thesesortsof obserationspenadethe constructionof any oneZomemodel of theH 4
polychora.

Cellular Structure. If onedesiresto make one of thesel5 Zome models,one mustacquaintoneself
with the cellular structureof its underlyingpolychoron. This meansthat one mustknow what typesof
Archimediansolids make up the polychoron,and how they are arrangedaroundevery vertex and every
edge. Sincethesepolychoraare uniform, thereis only one vertex con guration. The numberof circled
verticesin the Wythoff symbolis equalto the numberdifferenttypesof edgecon gurations. For example,
the truncated600-cell, having the two right-mostverticescircled, hastwo typesof edges,onewherean
icosahedromndtwo truncatedetrahedraneet,andthe otherwhere5 truncatedetrahedraneet.

Oncea rm graspof thecellularstructureof the polychoronis establishedpnefollows a sortof “analytic
continuation”basedon the Coxetergroupfor H 4. It is a statedassumptiorthatthis groupmustsene asa
setof symmetriedor eachof thesepolychora,so eachof thesepolychorais extraordinarilyhomogeneous
with respecto H 4. Eachpolychoroncanbe considerecdisanassemblyof preciselyl4,400partsall having
theexactsamestructure.To give a coupleexamplespnemay partitioneachtetrahedrorof the 600-cellinto
24 congruentetrahedraor partition eachdodecahedroonf the 120-cellinto 120 congruentietrahedra.ln
bothcaseneobtainsatotal of 14,400congruentetrahedraOneobtainssimilar partitionsfor all of these
15 polychora,always nding thattherearepreciselyl4,400congruenparts. Technically onesaysthatthe
actionof the naturalactionof the Coxetergroupon 4-dimensionaspacehas14,400fundamentafegions.

The SquashingPhenomenon.Onemustremembethateachof theseZomemodelsaccuratelyepresents
anorthogonalprojectionof one of these4-dimensionalgures into 3-dimensionakpace.With this projec-
tion, somedistortionof the cellsis inevitable. This is apparenin the Zomemodelof the 120-cell,which
is comprisedof 120 regular dodecahedraOne noticesthatthe dodecahedraearthe centerof the model
aremoreroundedthanthoseappearingnearthe edge. In fact, the Zome modelhasprecisely30 dodeca-
hedrawhich have beencompletely attened by the projectioninto 3-space.Theseappearon the boundary
of the modelasirregular hexagons lled with 4 distortedpentagongach. Every Zomemodelof anH 4-
polychoron,asdescribechere,mustpossesshis propertyof having distortedcells nearthe outerboundary
andmoreroundedcellsnearthe center

Engineering. The stability of oneof thesemodelsdependgenerallyon two factors,the overall weight
of all the pieces,andthe numberof strutswhich mustconnecto eachball. Obviously the heavier models
aremoreunstable Moreover, it canbe arguedthatthe stability increasesoughlywith the numberof struts
atevery ball. The Zomemodelof the 600-cellis by far the moststable requiringrelatively few piecesand
having a total of 12 edgesat every vertex. Most of the modelscorrespondindo thelast ve entriesof the
tablehave only 4 edgegervertex andmustberelatively heavy.



To addressheseproblemstherearesereral obvious solutions.SomeZomebuildershave usedingenious
Zomesupportsystemsgonnectedn variouskey pointscloseto the contactpointbetweerthemodelandthe
oor. In thisregard,it alsohelpsto inspectthemodelfor which partof the boundaryis bestsuitedto handle
thepressurdrom abore; onegenerallylooksfor alarge partof theboundarywhichis completely at sothat
onemay distribute the weight over a large area. For example,if onewishesto build a Zomemodelof the
omnitruncatedL20/600-cell correspondingdo the lastentryin the table,onemay noticethatthe boundary
hasprecisely30 rhombitruncatedcosidodecahedrahich have beencompletely attened by the projection.
Sincetheseat partsof the boundaryhave somucharea,it is naturalto restthe modelon this surface,and
build from the groundup. Finally, anothersolutionis to build the larger modelsusinga strutfamily which,
asof thiswriting, is notyetavailable,sayf RO; R1; Y1; B1g. Naturally this would reducethe total weight
by 1=, where is the GoldenRatio,andthusyield amorestablemodel. Moreover, smallerstrutsareless
e xible in proportionto theirweight,sothereis lesstotal strainon the piecesvhenoneusessmallerstruts.
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