
Section 1.5: Vectors in Three-Dimensional

Space
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Definition

A vector is a line segment with a direction
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Definition

A vector is a line segment with a direction

The magnitude of a vector −→a , denoted ‖−→a ‖, is the
length of the segment

The vectors are equal if and only if they have the same
magnitude and direction (free vectors).

The zero vector, denoted
−→
0 , has magnitude 0 and no

direction

A unit vector is a vector with magnitude 1
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Motivation

The definition of vectors are motivated by real world
applications. We will mostly emphasis their applications in
geometry and in physics.
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Motivation

The definition of vectors are motivated by real world
applications. We will mostly emphasis their applications in
geometry and in physics.
In physics, representing force using vectors is an important
example. The magnitude and the direction of the vector
represents the corresponding attributes of the force. Moving
force to different action points of a solid does not influence
its effect justifies vectors are allow to free moving.
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Motivation

The definition of vectors are motivated by real world
applications. We will mostly emphasis their applications in
geometry and in physics.
In geometry, vectors are used to represent sides of
polygons. Move a polygon relative to a coordinate system
does not change its property is consistent with free vectors.
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Definition

Definition: The sum of two vectors −→a and
−→
b , denoted

−→a +
−→
b , is the vector obtained by first translating

−→
b

(without changing its direction) so that its tails lies at the
head of −→a and then drawing the vector with tail at the
tail of −→a and head at the head of the translated

−→
b .
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Definition

Definition: The sum of two vectors −→a and
−→
b , denoted

−→a +
−→
b , is the vector obtained by first translating

−→
b

(without changing its direction) so that its tails lies at the
head of −→a and then drawing the vector with tail at the
tail of −→a and head at the head of the translated

−→
b .

Vector addition is commutative, that is

−→a +
−→
b =

−→
b + −→a

To compute, if ~a = (a1, a2, a3) and ~b = (b1, b2, b3) then

~a +~b = (a1 + b1, a2 + b2, a3 + b3)

and
r~a = (ra1, ra2, ra3).
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Definition

Definition: Multiplication of a vector −→a by a real number
c produces a new vector c−→a obtained in the following
way: c−→a is the vector of magnitude |c|‖−→a ‖ with the
same direction as −→a if c is positive and opposite
direction to −→a if c is negative.
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Definition: Multiplication of a vector −→a by a real number
c produces a new vector c−→a obtained in the following
way: c−→a is the vector of magnitude |c|‖−→a ‖ with the
same direction as −→a if c is positive and opposite
direction to −→a if c is negative.

If c 6= 0, then −→a /c represents (1/c)−→a

If −→a is a nonzero vector, then
−→
a

‖−→a ‖
is a unit vector.

The difference of two vectors is given by
−→a −

−→
b = −→a + (−1)

−→
b

(associative) −→a + (
−→
b + −→c ) = (−→a +

−→
b ) + −→c
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Definition

Definition: Multiplication of a vector −→a by a real number
c produces a new vector c−→a obtained in the following
way: c−→a is the vector of magnitude |c|‖−→a ‖ with the
same direction as −→a if c is positive and opposite
direction to −→a if c is negative.

If c 6= 0, then −→a /c represents (1/c)−→a

If −→a is a nonzero vector, then
−→
a

‖−→a ‖
is a unit vector.

The difference of two vectors is given by
−→a −

−→
b = −→a + (−1)

−→
b

(associative) −→a + (
−→
b + −→c ) = (−→a +

−→
b ) + −→c

(distributive) k−→a + k
−→
b = k(−→a +

−→
b )
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Examples

Use vectores to show that the triangle joining the
midpoints of an isosceles triangle is isosceles.
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Examples

Use vectores to show that the triangle joining the
midpoints of an isosceles triangle is isosceles.

Let A, B, C, and D be four points in space such that no
three are colinear. Show that segments joining the
midpoints of the segments AB, BC, CD, and DA form a
parallelogram.
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Linearly (In)dependent

Two vectors −→a and
−→
b are linearly dependent if one can

be written as a scalar multiple of the other. Intuitively:
they are on the same line. Otherwise, −→a and

−→
b are

linearly independent.
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Linearly (In)dependent

Two vectors −→a and
−→
b are linearly dependent if one can

be written as a scalar multiple of the other. Intuitively:
they are on the same line. Otherwise, −→a and

−→
b are

linearly independent.

Theorem: The vectors −→a and
−→
b are linearly dependent

if and only if there are scalars c1 and c2 not both zero
such that

c1
−→a + c2

−→
b =

−→
0 .

Theorem: The vectors −→a and
−→
b are linearly

independent if and only if

c1
−→a + c2

−→
b =

−→
0

implies that c1 = c2 = 0. – p. 7/10



Example for linear independent

Show that the diagonals of a parallelogram bisect one
another.
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Points and Vectors

−→a = a1ı̂ + a2̂ + a3k̂
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If −→a = a1ı̂ + a2̂ + a3k̂ and
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b = b1ı̂ + b2̂ + b3k̂, then

−→a +
−→
b = (a1 + b1)̂ı + (a2 + b2)̂ + (a3 + b3)k̂

c−→a = (ca1)̂ı + (ca2)̂ + (ca3)k̂
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Points and Vectors

−→a = a1ı̂ + a2̂ + a3k̂

If −→a = a1ı̂ + a2̂ + a3k̂ and
−→
b = b1ı̂ + b2̂ + b3k̂, then

−→a +
−→
b = (a1 + b1)̂ı + (a2 + b2)̂ + (a3 + b3)k̂

c−→a = (ca1)̂ı + (ca2)̂ + (ca3)k̂

‖−→a ‖ =
√

a2
1
+ a2

2
+ a2

3

−→a =
−→
b if and only if a1 = b1, a2 = b2, and a3 = b3.
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Another Example

Find the vector that points from (0, 5, 10) to (−4, 11, 1). Then
find its magnitude.
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