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Abstract. This note describes an observation connecting Riemannian manifolds of constant
sectional curvature with a particular class of Lie superalgebras. Specifically, it is shown
that the structural equations of a space M with constant sectional curvature, of one vari-
ety or another, nearly coincide with some identities satisfied by tensors which can be used
to construct some specific families of Lie superalgebras. In particular, one obtains either
osp(n, 2), spl(n, 2), or osp(4,2n) if the Riemannian manifold has constant curvature, con-
stant holomorphic curvature or constant quaternion-holomorphic curvature, respectively.
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1. Introduction

Lie algebras lie at the foundation of differential geometry and topology, and it
should not come as a surprise that their close descendents, Lie superalgebras,
might also serve some similar purpose. A notable example has already been estab-
lished in the Hodge theory on compact Kéhler manifolds, [7] and [10]. Also, as
was pointed out in Kac’ classification [3] of Lie superalgebras, the axioms defin-
ing a Lie superalgebra coincide with some properties of Whitehead’s homoto-
py operations. In this paper we focus on some identities in classical differential
geometry, namely in the study of spaces of constant curvature, found in some well-
known textbooks [1,2,4,11]. The observation made in this paper is that if the sec-
tional curvature tensor of a Riemannian manifold is required to generate a Lie
superalgebra of a type to be described below, then the manifold must have con-
stant sectional curvature, constant holomorphic sectional curvature, or constant
quaternion-holomophic sectional curvature. These particular Lie superalgebras will
be constructed explicitly. Necessarily, the manner in which the sectional curvature
tensor ‘generates’ a Lie superalgebra will be described as well.

Here is some background on the observation. Sudbery [9] found realizations of
the Lie superalgebras G(3) and F(4) using Cayley numbers or ‘octonions’. These
two Lie superalgebras have the following property: Suppose
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g=00D g1

is the decomposition into the even and odd subspaces of g. Then the even sub-
space decomposes as

go=tdshC,

where ¢ is reductive, and the odd subspace factors as a tensor-product representa-
tion of gy,

91=V®<C2.

For g=G(3), V is the standard representation of the exceptional simple Lie alge-
bra g, while for g=F(4), V is the spin representation of b3 =s07C. In both cases,
C? denotes the standard representation of sl,C. The observation which prompted
this study was that a few of the identities Sudbery needed in his construction
resemble some of the structural equations describing a Riemannian manifold with
constant sectional curvature.

It is natural to try to determine which Lie superalgebras have this type of
decomposition. Using Kac’s classification [3], one may quickly obtain Table I:

(Here « is a complex parameter determining an orbit in C under the action of
the 6-element group of linear substitutions,

(a|—>(1—a),ou—>a_1).

The orbits are in one-to-one correspondence with isomorphism-equivalence classes
of simple classical Lie superalgebras of dimension 17.) One may rightfully refer to
this class of Lie superalgebras as being of ‘Sudbery’s type’. All of these Lie super-
algebras admit an elegant explicit description, and more significance will be borne
out by the relationship to classical differential geometry described later.

The coefficient field throughout is R, and the Lie superalgebras, which are
obtained are real forms of some of the Lie superalgebras found in the table. The
real forms of Lie superalgebras have been classified, and can be found in [6]. The
appendices are to provide the notational conventions for Lie superalgebras and
representations of slhR which are needed throughout the paper.

Table 1. Lie superalgebras of Sudbery’s type

g 4 %

osp(n, 2) so(n) cr

spl(n, 2) Cosl,C C'e (C)*
osp(4, 2n) sLCPsp(n) C*eC*
D2, 1;a) sLCHsLC ct

G(3) 1§} c’

F(4) bs C* (spin)




LIE SUPERALGEBRAS ASSOCIATED WITH CONSTANT SECTIONAL CURVATURE 131

2. Structure of Lie Superalgebras of Sudbery’s Type

Suppose that a Lie superalgebra g is real and of Sudbery’s type. Thus, the even
and odd subspaces of g are given by

go=EtPshbR and g;= V®R2,

where ¢ is a real reductive Lie algebra, V is a representation of ¢, and R? is the
standard representation of slLHR by traceless 2 x 2 real matrices. The purpose of
this and the subsequent section is to study Lie superalgebras which have this struc-
ture, with little reference to differential geometry. In this section we study them in
general, and in Sections we focus on particular families. The construction of Lie
superalgebras of this type depends on the existence of a tensor F: V®V — ¢ with
some particular properties to be described in Theorem 2.1. Later we will see how
these algebras are related to some Riemannian manifolds.

It is a general fact that a Lie superalgebra can be generated from its odd sub-
space gi, the even subspace being spanned by anticommutators of elements of the
odd subspace. This is how we shall proceed. Start with a vector space V. Using
notation developed in Appendix A, let g; be spanned by vectors of the form

uj
u= =uiey+urer, up,ureV.
uz

Now that we have our odd subspace, the anti-commutator between odd elements
is built from some accessory maps defined here. Endow V with an inner product
g, and choose a Lie subalgebra ¢ Cso(V, g), which preserves g, i.e., assume that

g(Au,v)+g(u, Av)=0

for all Act and u,ve V. Suppose that F is a bilinear map from V x V into ¢, and
choose a couple of odd vectors u=uje| +uzey and v=vjej +vye; from g;. For the
four-tuple (u1, us, vy, v3), define

D(uy, uz, vi,v2) = F(uy, v2) + F(v1, u),

ui,v Us, v
G(”la”Z,v],U2):|:g( 1, v gua 1)]
gluy,v2) guz, v)

and
M=(G+G"J,
where J is the matrix
0 1
J= [_1 0] |
Explicitly, this is

—8u1,v2) —8U2, v 2g(uy, v
M(”l»”Z,UI,U2)=|: 8(uy, v2) — g (uz, v1) glur, vy) }

—2g(uz, v2) guy, v2) +gu2, v1)



132 DAVID A. RICHTER

Finally, define the bracket between the two odd vectors u=uje; + uze; and v=
vie; +vyex by

{ure1 +user, viey +vaer} = (D(uy, uz, v1,v2), AM (u1, uz, vi, v2)), (1

where A € R is a parameter. The sign of A determines some of the structure of
g. Indeed, notice that if A =0, then this product ‘degenerates’. This then gives
the anti-commutator between odd vectors. Notice that {u, v} does indeed lie in the
direct sum go==¢ & shbR.

The definitions of the even/even and even/odd commutators are now apparent.
First, the commutator between even elements is defined in an obvious way because
go is defined as an external direct sum of Lie algebras. Second, notice that the
even/odd commutator is the manifestation of a representation p of gy on g;. How-
ever, in this case, go is a direct sum, so there is a tensor-product action on g: if
Aet and L eshR, define the commutator on decomposable tensors by

[(A,L),u®e]l=p(A, L)Y uQ®e)=Au®e+u L(e), )

where u €V and e e R2. More explicitly, if

a b
L= LR
[c d}EElz

with a+d =0, and u;,us €V, then

[(A, L), uye1 +uzer] = (Auy +auy +buy)ey + (Auy + cuy +duj)e;. 3)
The odd/even commutator is obtained by skew-symmetrizing

[u®e, (A, L)]=—[(A, L), u®e]. “4)

The following theorem describes the conditions required of the map F in order
that g be a Lie superalgebra.

THEOREM 2.1. The space g=go® g1 defined above is a Lie superalgebra iff the
bilinear function F:V x V — ¢ satisfies (1) F(u,v) + F(v,u) =0, (i) F(Au,v)+
F(u, Av)=[A, F(u, v)], and (iil) F(u, v)u =A[g(u, v)u — g(u, u)v] for all u,veV and
all At

This result is implicit in [9], and it is not difficult to establish. One merely verifies
super skew symmetry and the super Jacobi identity through tedious case-by-case
analysis. With that, finding Lie superalgebras which have this apparently arbitrary
structure is equivalent to finding tensors F satisfying the criteria in this theorem.
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3. Solutions

This section gives some solutions F to the criteria outlined in Theorem 2.1. These
solutions yield particular realizations of certain real forms of the Lie superalge-
bras osp(n, 2), spl(n, 2), osp(4,2n), (notation from [3,6]), and the members of the
exceptional continuous family D(2, 1; «). Since the other two exceptional cases
G(3) and F(4) are described in [9], this section therefore completes the descrip-
tions of the types of Lie superalgebras discussed in Section 1.

Before doing this, it is informative to have explicit descriptions of three
sequences of real Lie algebras. Namely, it is useful to define so(n), u(n) and
sp(1) @sp(n) as specific sets of real matrices, with the Lie bracket given by the Lie
bracket between matrices

[X,Y]=XY - YX.
First of all, define so(n) as the set of real skew-symmetric matrices
so(n)={X eR™": X" + X =0}.

Before defining the other two sequences, complex and quaternionic structure
matrices are required. Let I denote the 4n x 4n matrix

01,0 0

I -, 00 O
0 00-—1, |’
0 01, O

where I, is the n x n identity matrix, and let J denote the 2n x 2n matrix

J= 0 1Ly .
—1, 0
It is convenient, albeit annoying, to let J also denote the 4n x 4n matrix, where
each I, appearing here is replaced by I,. In that case, there is also the 4n x 4n

matrix K =1J. Define u(n) as the subspace of so(2rn), which commute with the
2n x 2n matrix J. Explicitly,

u(n)={|:_XY ;]:XTz—X, YTzY}.

Finally, sp(1) @ sp(n) needs to be defined in a couple stages. First, define sp(1) as
the real span of the 4n x 4n matrices I, J, and K, and let sp(n) be the subspace
of s0(4n), which commute with both I and J. Explicitly,

W X Y Z

op(n) = X W zZ -y | Wh=-w,xT=x,
-Y-Z W X Y=y, z2"=27
-ZY X W
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Then sp(1) ®sp(n) is the internal direct sum of sp(1) and sp(n).

As one may perhaps be aware, it is possible to describe these Lie algebras
u(n) and sp(1l) @ sp(n) using complex numbers C and Hamilton’s quaternions H,
respectively. That is, both u(n) and sp(1) @ sp(n) are maximal compact Lie alge-
bras acting on C" and H", respectively. Thus, they are certain generalizations of
so(n) acting on R". However, it is more convenient to use real matrices because
one may use an inner product that is defined uniformly for all three sequences: for
u,veR”, let g(u,v)=u’v. That is, let g be the standard inner product on R”.

Using these real Lie algebras, one now proceeds to describe three sequences of
real forms of the Lie superalgebras osp(n, 2), spl(n, 2), and osp(4, 2n). Recall that,
for each £ described above, there should be a representation V and a function F:
V x V — & having the properties (i), (ii), and (iii) of Theorem 2.1. For each of the
three cases, define IT and Q2 according to Table II:

PROPOSITION 3.1. Set F(u,v) = A[ITwv’ —vu’) — Qu,v)], where T1 and Q
are given in Tuble II. Then F has the properties (1), (i), and (iil) described in
Theorem 2.1.

Again, as with Theorem 2.1, this is established through a routine computation.
This therefore yields the three sequences osp(n, 2), spl(n,2), and osp(4,2n) of Lie
superalgebras. Note that the Lie superalgebras are ‘degenerate’ if A =0. The differ-
ential-geometric significance of this will be seen in Section 4.

3.1. THE LIE SUPERALGEBRAS D(2, 1; &)

The continuous family D(2, 1; @) of exceptional 17-dimensional Lie superalgebras
deserves some separate attention. One considers these upon specialization of the
osp(4, 2n) superalgebras to the case, when n=1. If n=1, then

E=Zsp(l) dsp(l)Z=so0(4).

Every element in this family has a copy of so(4) as a subalgebra. Both copies of
sp(1) act on R*, but they are obtained differently; specifically, one is a right-action
and the other is a left-action. Denote I, =1, J. =J, and K, =K, where I, J, and
K are the 4 x 4 quaternion structure matrices defined earlier, but now introduce
three more matrices defined by

Table 11. Tensors for Lie superalgebras

g® osp(n,2) spl(n,2)  osp(4,2n)

4 so(n) u(n) sp(l) @ spn)

vV R RZ” ~(Cn R4” >~ H»

I(Xx) X X—JXJ X—-IXI-JXJ—-—KXK

Q,v) 0 @' Jv)yJ @I+ wTJv)J +u"Kv)K
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0100 0010
~10 00 000—1
=1 9001 @™ =] _100 0
00-10 0100

and K_=J_I_. Notice that {I1, J+, K+} is a basis for so(4), and that the matri-
ces with ‘=’ for a subscript commute with the matrices with ‘+’ for a subscript.
Let s0(3)+ and so(3)_ denote the Lie subalgebras generated by {/, J;, K} and
{I_,J_, K_}, respectively. The functions IT and © using I, Jy, and K4 have
already been defined, and the same could be done for the new ‘left-handed’ quater-
nion matrices {/_, J_, K_}, but an identity given below will show that this is not
necessary.

It is useful to consider these six matrices as constituting a basis for the
six-dimensional vector space /\2 (R%), under the identification

A2(R*) «— s0(4),
eiNej <> Ejj—Ejj.

This identification induces the Hodge star automorphism x =st of so(4). This
map is determined uniquely by specifying its eigenspaces

st(l4) ==+14, st(J4) ==%J4, st(K4)=+K4.

Thus so(3)+ is the +1 eigenspace for st. Related to this identification is an inter-
esting and useful identity.

PROPOSITION 3.2. TT(uv” —vu”) +2Q(u, v) = 4o’ —vul).

Proof. First, since Il and Q are alternating and there is an identification
between /\2(R4) and so(4), one may regard F as a linear function from so(4) to
itself. Thus, choose W €s0(4). One may then write W as the linear combination

W=xili+yiJe+2o K +x_ I +y_ J +z_K_
with real coefficients. Denote the projections of W onto so(3)+ by W4, so that
Wi=xili+yyJi+z24Ky and Wo=x_[_+y J +z_K_.
One checks that
M(W)=4W_ and Q(W)=2W,,
yielding
(W) +2Q (W) =4(W_ + W) =4W.

This is exactly what is required, again using the identification between /\2(R4) and
s50(4). O
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Given a real number « € R, let
Fo(u,v)= %aH(uvT —uDH+ (1 —)Qu, v).

Then the following is easily established.

PROPOSITION 3.3. F, has the properties described in Theorem 2.1 for all a.

Thus, for each real « there is a Lie superalgebra g, constructed using F,. How-
ever, similar to the complex case, one has from the following therom.

THEOREM 3.4. The isomorphism equivalence classes of the gy correspond to orbits
in R under the 2-element group (> (1 —a)).

Proof. Replacing o with (1 —«) is equivalent to interchanging the left and right
actions of sp(1) on R*. Therefore, one constructs an isomorphism between the Lie
superalgebras g, and g(1—,) by using the corresponding outer automorphism. O

One should contrast this with the complex case. The even subspace of D(2, 1; )
is a tensor product of three copies of the same Lie algebra sl,C, whereas for this
real form the even subspace is a tensor product of one copy of shR with two
copies of s0(3).

4. Riemannian Geometry

In this section, we finally come to the observation promised in Section 1. In
this setting, the solutions are derived from the Riemannian curvature operator
for some specialized Riemannian manifolds. It is shown here that Riemannian
manifolds with constant curvature, constant holomorphic curvature, and constant
quaternion-holomorphic curvature yield the Lie superalgebra families osp(n, 2),
spl(n,2), and osp(4,2n) given above. Moreover, for the special case of constant
holomorphic curvature, one also obtains the family spl(n, 1) in a natural way.

Suppose (M, g) is a Riemannian manifold with Levi-Civita connection V. Recall
that one may use this to construct the curvature tensor given by

R(u,v) =[Vy, Vy] - V[u,v]-

For each point of M, this tensor R represents a map from the tangent space to
itself, and this map is an orthogonal derivation with respect to the metric g. The
basic idea is to identify V with the tangent space, and use the curvature endomor-
phism R and the metric g to obtain elements of gg. Under this hypothesis, ¢ is
identified with a Lie subalgebra of the holonomy algebra of R. A Lie superalge-
bra arises using a slight modification of R, provided the sectional curvature satis-
fies some strong conditions.

To connect these ideas, introduce the notion of an abstract curvature operator.
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DEFINITION 4.1. Suppose t is a Lie algebra equipped with a representation V
and a t-invariant inner product g on V. A bilinear function R:V x V — £ is an
‘algebraic curvature operator’ for (¢, V, g) if (a) R(v, u) + R(u,v) =0, (b) R(v, w)u +
R(w,u)v+ R(u,v)w=0, and (¢) g(R(u, v)w,t)=g(R(w, t)u,v) for all t,u,v,weV.

The following shows the connection to the Lie superalgebras described in the
preceding Section:

PROPOSITION 4.2. Let R(u,v)=F (u,v) + 312 (u,v) where F and Q2 are defined
in the preceding section. Then R is an algebraic curvature operator for (£, V, g).

This is trivial to establish from the definitions. The idea in this section is that
this proposition can be turned around so that one obtains Lie superalgebras from
the curvature tensors of some particular Riemannian manifolds. There are some
subtle differences between the three types, so they are discussed separately.

4.1. CONSTANT CURVATURE

Suppose (M, g) is a space of constant curvature. Recall that this means that there
is a constant x such that the curvature tensor satisfies

R(u, vy w=«[g(w, v)u —g(w, u)v]

for all tangent vector fields u, v, w. If 2 =0, as when ¢ =so0(n), F is already an
abstract curvature operator, i.e. it requires no modification. Indeed, if M is a space
of constant curvature, then the Riemannian curvature operator R for (M, g) has the
algebraic properties given in Theorem 2.1, yielding the Lie superalgebra osp(n, 2).
Notice that if (M, g) has zero sectional curvature, then the the holonomy is
trivial and the Lie superalgebra degenerates as the tensor product g=V @ R2.

4.2. CONSTANT HOLOMORPHIC CURVATURE
Suppose that (M, g, J) is a Kéhler manifold whose curvature tensor satisfies

R(u,v)w = —%K[g(v, wu —gu, w)v—g, Jw)Ju+
+g(u, Jw)Jv+2gu, Jv)Jw]
for all tangent vector fields u, v, w, where « is a constant. Then M is a space of

constant holomorphic curvature, and one uses R to construct a Lie superalgebra
as follows. Define the tensor F by

F(u,v) =R, v)+ 3kg(u, Jv)J = R(u, v) + 352 u, v).

Then F has the properties required by Theorem 2.1, and the resulting Lie super-
algebra is spl(n, 2). In this case (and the one that follows), however, a modification
of R by adding a multiple of the almost complex structure J is necessary.
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There is a little more one can say about this case. In fact, the associated Lie
superalgebra has a subalgebra still bearing some differential-geometric significance.
Let h; be the subspace of elements of g; having the form

]

where J is the almost complex structure tensor. Evidently we have
b =R* @R=R™.

Let b be the Lie superalgebra generated by h; under the super Lie bracket defined
above. One can quickly determine the structure of hy as follows. Suppose u and v
are tangent vectors. Then the anticommutator is

{uer 4+ Juey, ve1 + Jver} = (D, AM),
as before. However, in this case we have
D=Fu,Jv)+Fw, Ju)=2F(u, Jv)

and

M= —g(u, Jv)—g, Ju) 2g(u,v)
- —2g(Ju, Jv) glu, Jv)+ g, Ju)

_5 0 g(u,v)
- —gw,v) 0

using the properties of the metric and curvature tensors of a Kihler manifold, [4].
Evidently the even subalgebra hy has the structure

ho=u(n) @so(2).

One can then also verify that this acts on k. Furthermore, the actions of the
Lie subalgebras RJ and so(2) of hy on bh; are identical, and one may quotient to
obtain a real form of spl(n, 1).

4.3. CONSTANT H-HOLOMORPHIC CURVATURE

Suppose now that (M,g,(I,J)) is a quaternion-Kéhler manifold. Recall that
although none of the quaternion structures 7, J, and K =1J may be global almost
complex structures on M, every point has a coordinate chart in which they are;
moreover, the space spanned by {I, J, K} is parallel over M. If M has constant
H-holomorphic curvature, then there is a constant x« such that

R(u,v)w = —%K[g(v, wu — g, w)v—g, Iw)lu—g, Jw)Ju—
—g(w, Kw)Ku+gu, Iw)lv+gu, Jw)Jv+g(u, Kw)Kv+
+2g(u, Iv)Iw+2gu, Jv)Jw+2g(u, Kv)Kw)]
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for all tangent vectors fields u, v, w. (see [5,8]). Then F=R+ %KQ has all the prop-
erties required by Theorem 2.1, so there is an associated Lie superalgebra isomor-
phic to a particular real form of osp(4, 2n).

5. Conclusions and Speculations

There is a geometric construction related to the forms €2, when the complexifica-
tion of g is spl(n, 2) or osp(4, 2n). For the former case one has Q(u, v)=u’ Jv)J.
If u and v are unit vectors, therefore, Q(u, v) gives the angle o between the planes
uANJu and vAJv

cos? o = (uTJv)z.
Similarly, in the latter case, one has the ‘angle function’ @ given by
cos? a= QA= 1v)>+ @’ Jv)> + ! Kv)2.

This can be found in [5]. Thus, when M has a metric of constant holomorphic or
constant H-holomorphic curvature, the superalgebra is obtained by adding to R a
multiple of this angle function cosa. The tensor F has the following property.

PROPOSITION 5.1. Suppose F=R+ %KQ, where R is one of the curvature tensors
described above. Then if F is one of the functions given above, then

g(F(u, v)u, v)=—4k[gu, v)* — g(u, u)g(v, v)]

for all tangent vector fields u, v.

Thus, in seeking the constant of holomorphic or H-holomorphic curvature, it
makes more sense to use F than R. Contrast this for the case when (M, g) has
constant curvature, where « has the opposite sign.

Appendix A. Lie Superalgebras

By definition, a Lie superalgebra decomposes as g = go @ g1, where gg and g
denote the even and odd subspaces respectively. In order that g have a Lie super-
algebra structure, there must be three types of brackets in g, (a) a commutator for
pairs of even elements, [ , ]: go X go— go, (b) a commutator for pairs with one
even and one odd element, [ , ]: go X g1 — g1, and (¢) an anticommutator for pairs
of odd elements, { , }: g1 x g1 — go. Denote the super Lie bracket on g, whether
it is a commutator or an anticommutator, by

(, gxg—g
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This graded bracket must be super skew-symmetric,
(=D (A, B)+(B,A)=0,  (Acgs, Beg), a.be{0.1) (A1)
and it must satisfy the super Jacobi identity,

(—1)% (A, (B,C)) +cyclic=0, (Aeg,, Begy, Cego), a,b,cef0,1}.
(A.2)

If g is a vector space endowed with a super skew symmetric bracket ( , ) that sat-
isfies the super Jacobi identity, then it is a Lie superalgebra.

Appendix B. The Standard Representation of s[;R

There is some useful notation for the action of slLR on R2. In particular, use the
standard basis {e], 2} for RZ, where

i) L)

Finally, denote the 2 x 2 matrices by E;; € gl,R which satisfy
Ejj(ex) =6jkei,

where §;; is the Kronecker delta symbol.
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