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Abstract

We describea new Zome-like systemthat exhibits octahedralratherthan icosahedralsymmetry, andillustrateits
applicationto 3-dimensionalprojectionsof 4-dimensionalregularpolychora.Furthermore,weexplain theexistence
of that system,aswell asan in�nite family of relatedsystems,in termsof Hamilton's quaternionsandthebinary
icosahedralgroup. Finally, we describea remarkablytenaciousaspectof H 4 symmetrythat “survives” projection
down to threedimensions,reappearingonly in 2-dimensionalprojections.

1. Intr oduction

Thisis areportonajourney of discoverywehavesharedover thepastyear, asweendeavoredto gaindeeper
insightsinto themathematicssurroundingtheZomeSystemof Zometool,Inc. Thiscollaborationhasborne
someintriguing fruit, speci�cally theresultswedescribein this paperconcerninggeneralizationsof Zome,
andasurprisingaspectof symmetryandprojection.

Our interestin Zomecentersonthewaythatit hintsatdeepunderlyingmathematics:serendipitybecomes
commonplace,andstartlingcoincindencescometo beexpected.The“octahedralZome”and“greenquater-
nions” of our title werequite surprisinginitially, but turn out to have a very straightforward explanation,
detailedbelow. Nonetheless,theexplanationhasopenedup new vistas,by giving us theability to charac-
terizesomegeneralizationsof Zome.Themechanismof “tenacioussymmetry”is not soeasyto explain,so
wemustcontentourselveswith merelydescribingits characteristicsandsomeexamples.

Our collaborationwasalso fruitful asa synergy betweenpuremathematicsandthe appliedscienceof
visualizationand modellingsoftware. Scott's Zome modellingsoftware, “vZome”, gaineda numberof
rich capabilitiesashelearnedmoremathematicsfrom David, andDavid gaineda deeperinsight,andeven
learnedsomegeometry, by workingwith andtalkingaboutvZome.A highly productive feedbackloopthus
developed. Sincethis is asmucha story of a collaborationasit is aboutbeautifulmathematics,we have
decidedto tell it in roughlychronologicalorder.

Along theway, we have seenmany novel views of someclassicalpolytopes,andherewe presenta few
of theseaswell. It is importantto stressthat,with all of our staticart being3-dimensional,it is notoriously
dif�cult to visualizethe complicatedandbeautifulobjectswhich exist in higherdimensions.Zomeand
vZomehave allowedusto seesomefantasticpropertiesof theseobjects.



2. Octahedral Serendipity

Thejourney beganwith David's mentionof thefact thatonemayinscribe� ve copiesof the600-cellin the
verticesof the120-cell,[1]. Onemayseethis in theusualthree-dimensionalZomeprojectionof the120-
cell: Startingwith any oneof theprojecteddodecahedra,oneselectsany oneof the tenregular tetrahedra
inscribedin its vertices. The facesof this tetrahedronare sharedby four more tetrahedra,and one can
proceedin thisway to constructaprojectionof all thetetrahedrain the600-cell.Sincetheoriginal120-cell
hasa dodecahedralcell at the center, ratherthana face,edge,or vertex, it is a “cell-�rst” projection,and
hencethenew 600-cellprojectionis necessarilyalsoa cell-�rst projection.This projectionof the600-cell
hadnot beenseenby eitherof us, but is certainlynot unknown, [1, 7]. The �gure below shows a “4D-
cutaway” view; it is halved in four dimensionsto omit thecentralinvolution, thenalmost-halved againin
threedimensions.The left-handpair is a parallelbinocularstereoview, andtheright-handpair is a cross-
eyedbinocularstereoview.

Figure 1. Octahedral Projectionsof the600-Cell,Quartered.

It turnsout thatmostof theedgesof thesetetrahedrado not correspondto any existing Zomestruts.The
vZomeprogram,however, canconstructavirtual strutbetweenany two connectorballs.Whenconstructing
suchan“unknown” strut,vZomeassignsa color in thesamepatternasrealZome:All directions(“zones”)
that areequivalentundericosahedralsymmetryareassignedthe samecolor. This hasthe effect of high-
lighting the symmetry(or asymmetry)of models. After performingthe constructionin vZome,whenwe
�nally clearedawayall the120-cell“scaffolding” to seethe600-cell,werealizedthatthemodelusedsome
of theblue,yellow, andgreenzonesfrom theoriginal ZomeSystem,andthreenew zones.We have since
christenedthesenew zoneswith thecolorsmaroon,olive,andlavender.

Althoughour original constructionappearedto have tetrahedralsymmetryoverall, thefull projectionac-
tually has“pyritohedral” symmetry, with two tetrahedracombinedas in Kepler's stella octangulaat the
center. Thepyritohedralsymmetrygroupis thesymmetrygroupof an idealizedpyrite crystal. Geometri-
cally, this is thedirectproductof thegroupof 12 orientation-preserving symmetriesof thetetrahedronwith
the2-elementgroupgeneratedby the“centralinvolution” or “antipode”map

(x; y; z) 7! (� x; � y; � z):

This grouparisesin the context of Zomewhenoneattemptsto build a modelwith octahedralsymmetry;
it is actually impossibleto build a Zomemodelwith ideal octahedralsymmetry(whenone includesthe



symmetryof the Zomepartsthemselvesratherthantreatingthemasidealizedpointsandline segments).
Thesymmetrygroupof every Zomemodelis necessarilyasubgroupof thefull groupof symmetriesof the
icosahedron,but no subgroupof the icosahedralgroupis isomorphicto theoctahedralgroup. The largest
subgroupof theicosahedralgroupwhichis alsoasubgroupof theoctahedralgroupis thepyritohedralgroup.

Examinationof thecell-�rst 600-cellmodelrevealsthatit actuallyhasfull octahedralsymmetryin every
senseexceptin theprecisegeometryof therealZomeballsandstruts,for thereasonexplainedabove. Ob-
servingthisandthefactthatonly threenew directionswerenecessaryfor thewholemodel,werealizedthat
wehadstumbledonanovel Zome-like systemwith octahedralsymmetryratherthanicosahedralsymmetry.
Thissystemsharesall theothercharacteristicswith theoriginalZomesystem:theability to scaleby powers
of thegoldenratio� , strutcoloringby symmetrygroupequivalence,andasurprisingvarietyof constructible
trianglesandtetrahedrafrom a smallsetof zones.Althoughwe have not yet proposeda formal mathemat-
ical de�nition, we considerthis new Zome-like systemasanexampleof a “zoning system”.Such“zoning
systems”,generally, shouldpossesspropertieslike thoseoutlinedabove,andindeedwewill show thatthere
aremany systemsthat�t within sucha framework.

With ourdiscoveryof theoctahedralsystem,Scottimmediatelysetto work tomakevZomesupportit, both
in therenderingof thevirtual parts,andin theavailablesymmetryoperations.Scottsoonrealizedthathe
couldconstructa120-cellprojectionwith thesamesymmetryby constructingavertex at thecenterof each
tetrahedronin the600-cellprojection,thenconnectingeachvertex to its four nearestneighbors.After adding
acentroidcommandto vZome,wequickly producedavertex-�rst, octahedrallysymmetricprojectionof the
120-cell.Althoughablack-and-white�gure cannotreadilyconvey it, thisprojectionis entirelyconstructible
within ournew octahedralZome-like system.As above, this �gure shows a4D-cutaway view in two stereo
pairs.

Figure 2. TheOctahedral Projectionof the120-Cell.

3. What Color Is Your Quaternion?

Having discoveredonenew zoningsystemandbeinginterestedin �nding more,we setout to explorehow
and why the new systemworked. Although we constructedthe octahedral600-cell projectionin three
dimensions,David pointedout thatasafaithful projectionof the4-dimensionalobject,it couldequallywell
beproducedby rotatingthe600-cellin 4-dimensionalspacebeforeprojectingto threedimensions,andthat
suchrotationcouldbeaccomplishedby quaternionmultiplication.Hamilton's quaternionsH areintimately
relatedto 4-dimensionalgeometry[3]. Furthermore,theoriginalblue-yellow-redZomeSystemof Zometool
is intimatelyrelatedto thebinaryicosahedralgroupI andits embeddingin thegroupS3 of unit quaternions.



Thereare in�nitely many differentwaysto embedthe groupI ,! S3, but onein particularleadsto a
setof easilyexpressedvectorsthat correspondto the ZomeSystem. First, denote� = 1

2(1 +
p

5) and
� = 1

2(1 �
p

5), sothat� is thegoldenratioand� is its conjugate.Onecanlist all 120vectorsquickly after
noticing that they only take on threedifferent “shapes”. Theseshapesarerepresentatives of orbits in the
192-elementgroupwhich containsarbitarysignchangesandall evenpermutationson thefour coordinates.
Theshapesof vectorsin thisembeddingof I are

(1; 0; 0; 0);
1
2

(1; 1; 1; 1); and
1
2

(0; � ; 1; � );

of which therearerespectively 8, 16,and96vectors.(Weoftenusethetwo notationsw + ix + j y + kz and
(w; x; y; z) for quaternionsinterchangebly. As a rule,weuse(w; x; y; z) whenwewantto denotepointsor
vectorsandw + ix + j y + kz whenwewantto denoteamultiplicationoperator.) Noticethat,althoughhere
we have presentedthreedifferentshapesof vectors,this setof 120vectorsconstitutesa singleorbit under
theH4 symmetrygroup,of which this192-elementgroupis asubgroup.

Oneobtainsthe ZomeSystemby considering� (2I ), where� is the projectionfrom 4-dimensionalto
3-dimensionalspacethatmapsaccordingaccordingto theformula

� : (w; x; y; z) 7! (x; y; z):

(Weuse2I to indicatethatwe pre-multiplyeachelementof I to avoid dealingwith 1
2 factors.)Oneassigns

a color to eachvector in � (2I ) accordingto its shape.Blue vectorshave the shape(2; 0; 0) or (� ; 1; � ),
yellow vectorshave theshape(1; 1; 1) or (� ; 0; � ), andredvectorshave theshape(1; � ; 0) or (0; � ; 1). Here
“shape”refersto orbitson 3-spaceunderthepyritohedralgroup,asdescribedearlier. Naturally, Zomealso
allows thatevery multiple of thesevectorsby a power of thegoldenratio � bea standardstrut. Indeed,one
shouldnotice,for example,that � (1; � ; 0) = (� ; � 1; 0), andthis is thelongerof thetwo typesof redstruts
describedabove. Everybluestruthaslength� n � 2, everyyellow struthaslength� n �

p
3, andeveryredstrut

haslength� n �
p

1 + � 2.

Recall that theseareall projectionsof a singleorbit of vectorsequivalentunderH 4 symmetry. If one
imaginesa four-dimensionalanalogueof Zome, the actual600-cell and 120-cell could be entirely con-
structedusing“blue hyper-struts”basedon thevectorsin I . In fact,all 15 convex uniform polychorawith
H4 symmetrycould be constructedwith them,andtherefore3-dimensional� -projectionsof themcanbe
constructedwith the Zomesystem.The currentexistenceof the Zomesystemitself is directly relatedto
MarcPelletier's recognitionof this fact(whenhewasjust17).

If thesetI canbeconsideredthe“blue hyper-struts”in four dimensions,theset(1+ i )I canbeconsidered
the “greenhyper-struts”. Note that the two setsare relatedto eachotherby a quaternionmultiplication
thatcomposesa dilation by

p
2 with a 4-dimensional“rotation”, andanobjectwith H 4 symmetrycanbe

constructedwith eitherset alone. However, if the two constructionsareboth projectedto a hyperplane
perpendicularto a“blue” vector, theresultingthree-dimensionalprojectionsareverydifferent,asonemight
expect. Remarkablythough,that differenceis manifestedin the fact that oneprojectionhasicosahedral
symmetryandtheotherhasoctahedralsymmetry.

We obtainour 6-color octahedralzoningsystemby consideringset � (2(1 + i )I ). As is the casewith
theelementsof I , onenoticesthat thevectorsin theset2(1 + i )I alsotake on a smallnumberof shapes.
However, for reasonswhich onewill �nd in [2], the groupthat we needis slightly restricted. Insteadof
allowing arbitrarysignchanges,we only allow anevennumberof signchangesof the4 coordinates.Since
westill allow evenpermutationsof thecoordinates,wehave agroupof order96 thatpreservestheshapeof



thevectors.Explicitly, therearefour shapes

(� � 2; � ; � ; � ); (� � � ; 1; 1; 1); (� 2; � ; � ; � ); and(2; 2; 0; 0);

with correspondingorbit sizes32, 32, 32, and24. Projectingdown to 3 dimensions,we notice that the
numberof signsis no longerrelevant.For example,noticethat(w; x; y; z) and(� w; � x; y; z) agreeexcept
for anevennumberof signchanges,whereastheir images� (w; x; y; z) = (x; y; z) and� (� w; � x; y; z) =
(� x; y; z) agreeexceptfor anoddnumberof signchanges.Indeed,againwe usethepyritohedralgroupto
obtaintheentireorbit of directions,andonemayquickly tabulatethe6 shapesof vectors.

Number Number
Shape of Zones Color Shape of Zones Color

(0; 0; 2) 3 blue (1; 1; � � � ) 12 maroon
(2; 2; 0) 6 green (� ; � ; � 2) 12 lavender
(1; 1; 1) 4 yellow (� ; � ; � 2) 12 olive

Table1. TheOctahedral ZoningSystem.

Notethatfor any vectorin thiszoningsystem,at leasttwo of thecoordinatesareequalin magnitude.This
is equivalentto sayingthatall thesestrutslie in a planeorthogonalto somegreenstrut. Also noticethata
subsetof theoriginal blue,yellow, andgreenzonesappearnaturallyin this system.However, if we want
thisnew zoningsystemto accommodatethe600-cell,wemustincludethenew maroon,lavender, andolive
zonesaswell.

Armed with someof this knowledge,Scottwasableto quickly implementquaternionmultiplication in
vZomewhenimportingafour-dimensionaldatasetor whengeneratingoneof theH 4 polychora.In vZome,
onespeci�esaquaternionby selectinganexisting strut.Althoughthestrutis speci�edby avector(x; y; z)
with only 3 coordinates,theabove analysisshows that the fourth coordinatew is determinedup to a sign
by the zonein which it lies. Selectingany greenstrut resultsin a quaternionhaving the sameshapeas
1 + i = (1; 1; 0; 0), and all suchquaternionshave effect equivalent to mapping2I ! 2(1 + i )I . In
short,achieving theoctahedralprojectionsof the120-cellor 600-cellis now aseasyasthreeclicks, a vast
improvementoverouroriginalmanualderivation.

Figure3. Pentagon-First Projectionof the120-Cell.



Availability of quaternionmultiplication in vZomeimmediatelybeggedthequestion:What is theeffect
of usingthe various“colors” of quaternions?First, sinceblue strutsareall in the orbit of the quaternion
(2; 0; 0; 0), which is anaxisof symmetryin H 4, usingabluequaternionhasnoeffectmoduloadilation. For
othercolors,theanswerprovedserendipitousin thewaywehavecometo expectof Zome.Applying a“red”
quaternionto anobjectwith H 4 symmetryyieldsa3-dimensionalobjectwith thesymmetryof apentagonal
antiprism;theprojectionis symmetricaroundtheredstrutusedasthequaternion.This resultsin a face-�rst
projectionof the120-cellwith two overlappingpentagonsin thecenter, andanedge-�rstprojectionof the
600-cell.The�gure above is acutaway thatshows oneexampleof eachof the9 differentdodecahedralcell
shapesin theformermodel,with somefacespresentfor clarity.

Naturally, applyinga “yellow” quaternionproducesprojectionssymmetricaroundthatyellow strut. This
yields a face-�rst 600-cell, centeredon overlappingtriangles,and an edge-�rst 120-cell. Both red and
yellow quaternionmultiplicationsyield new zoningsystemsanalogousto the octahedralsystemwe have
described,but with differentsymmetries.In bothcases,thevectorsof I aremappedto asmallnumberof 3-
dimensionalshapes,althoughmoreshapes(thuscolors)arerequiredthanfor theoctahedralsystem.Indeed,
any quaternionmultiplicationof I yieldsazoningsystemcapableof renderingorthogonalprojectionsof H 4

polychora.

4. TenaciousSymmetry

The groupH 4, with 14,400elements,is moderatelylarge andexotic, comparedto the sizesandvariety
of the �nite groupswhich act in 4-dimensionalspace.Having somuchsymmetry, someunusualtracesof
this symmetryremainwhentheseobjectsareprojecteddown to threeandtwo dimensions.We refer to
this as“tenacioussymmetry”:Muchsymmetryis necessarilylost in a projectionto lower dimension,but it
somehow refusesto betotally eradicated.Moreover, dueto theobservation in [8], we seethat theoriginal
ZomeSystemis directly relatedto the famousE8 “Gosset” lattice, whosepoint symmetriescomprisea
groupwith nearly700million elements.Certainlywewill seeawidevarietyof highly-symmetricalobjects
by consideringdifferentviews of thisamazingobject.

Figure4. TwoViewsof theCompoundof Fifteen16-Cells.



An easily-accessedexampleof this phenomenonis provided by the Van Ossprojectionof the 600-cell,
whichappearsasthefrontispiecein [1]. Thesymmetryof this �gure is thedihedralgroupwith 60-elements,
i.e., the symmetrygroupof a regular 30-sidedpolygon. This projectionrevealsthe fact that this dihedral
group,while it maynot be isomorphicto any subgroupof H 4, is still closelyrelated;indeed,H 4 contains
elementsof order30.

Anyonewho hasworkedon a Zomemodelof anH 4 polychoronis familiar with theobvioussymmetries
visible whenlooking throughsucha model. Few aresurprised,moreover, that anobjectwith icosahedral
symmetrycan exhibit 10-fold rotationalsymmetryin a parallel 2-dimensionalprojection. When David
undertookto build a Zomemodelof the regular compoundof �fteen 16-cells,usingvZomeasan aid for
visualization,he beganto seemoresurprisingsymmetries.ScottandotherZomeenthusiastsexperienced
this �rsthand whenDavid led constructionof the latter model, picturedabove, at a meetingin Chicago
in September2005. This modelhaspyritohedralsymmetry, and,in particular, its symmetrygrouphasno
elementsof order5. Nevertheless,asthephotoon theright shows, theprojectionof themodelontoaplane
perpendicularto a red zonehaspentagonalsymmetry. This is a remnantof the symmetrygroupof the
corresponding4-dimensionalpolytope,whichdoeshave elementsof order5.

The vZomeprogramis ideally suitedto exploring this phenomenon.Considerthe red-quaternionpro-
jection of the 120-cell; that projectionhasthe samesymmetryasa pentagonalantiprism. Although that
symmetrygrouphasnoelementsof orderthree,therearetendistinctorthographicprojectionsof thisobject
to two dimensionsthatexhibit six-fold rotationalsymmetry. Five of thoseprojectionsproducea �gure as
shown below in the�rst two images,�rst showing thestrutcolorsandsecondin a simplewireframe.The
other� veproducea �gure asshown in thethird image.

Figure5. Red-QuaternionProjectionsof the120-Cell.

Tenacioussymmetryis in factdisplayedin all Zome-axisprojectionsof any H 4 polychoron,andsimilarly
if ayellow quaternionis appliedratherthanaredone.In otherwords,althoughmostof therich symmetryof
H4 is inevitably lost in these3-dimensionalprojections,thatsymmetryis too “tenacious”to becompletely
eradicated– tracesof it remainwhenoneprojectsagaindown to two dimensionsalongparticularaxes.

5. Conclusion

To reiterate,therearein factan in�nity of Zome-like systemsbasedon thebinary icosahedralgroup,one



for eachunit quaternion.However, they getprogressively lessinterestingastheelementsof I aremapped
to moregenericelementswith respectto thegroupH 4, andlessandlesssymmetryis preservedin thethree-
dimensionalprojection. With icosahedralsymmetry, the original blue-yellow-red ZomeSystemis clearly
themostsymmetricof this in�nite set. As in thecaseof theoctahedralsystembasedon green-quaternion
multiplication, the red and yellow quaternionssimilarly generateZome-like systemswith a small setof
vectorshapes.All of thesesystemssharetheusefulpropertyof arbitraryscalabilityby powersof � , without
requiringadditional,longerstrut lengths.Thesescalabilityand“small inventory” propertiesmake all such
systemspotentiallyinterestingto artistsandengineersalike.

We areproposingto generalizeandstudya wide classof such“zoning systems”,suchasthosethathave
beendiscussedhere.Hereis a review someof thecritical propertiessharedby all of thezoningsystemswe
have seen.First, all of thesesystemsarebasedon connectorballsandstruts. Second,thereis a groupG
whichactsontheambientspaceandfor whichthesymmetrygroupof everymodelis necessarilyasubgroup
of G; thesymmetryof theconnectorball is G. Third, theoriginal4-dimensionalorbit of 120elementsin I
mapsto a smallsetof orbitsunderG, with thesizeof thatsetdependenton thequaternionq usedto mapI
to � ((2q)I ).

As hasbeenobservedin [8], anothercharacteristicof theZomeSystemis thatit is closelyrelatedto agen-
uinelatticein 8 dimensions.Onemaydescribethis latticequickly asasubsetof R8, but is is alsoembedded
naturallyin R4 in sucha way thatthelatticepointsmaybepositionedarbitrarily closeto eachother. More
precisely, the latticepointscomprisea densesubsetof R4 undertheusualnorm. This propertyleadsto a
fourth characteristicof all thesezoningsystems:Theidealizedlocationsof theconnectorballscomprisea
densesubsetof theambientspace.Fromtheperspective of onewho wishesto createaninterestingmodel,
weregardthispropertyascritical; in atheoreticalsense,it providestheuserwith theliberty to placeobjects
in virtually any locations/hedesires.
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