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Abstract

We describea new Zome-like systemthat exhibits octahedrakatherthanicosahedrasymmetry andillustrateits

applicationto 3-dimensionaprojectionsof 4-dimensionaregularpolychora.Furthermoreye explaintheexistence
of thatsystem,aswell asanin nite family of relatedsystemsjn termsof Hamilton's quaternionsandthe binary
icosahedragroup. Finally, we describea remarkablytenaciousaspecbof H4 symmetrythat“survives” projection
down to threedimensionsreappearingnly in 2-dimensionaprojections.

1. Intr oduction

Thisis areportonajourney of discorery we have sharedbverthepastyear aswe ende&oredto gaindeeper
insightsinto the mathematicsurroundinghe Zome Systemof Zometool,Inc. This collaboratiorhasborne

someintriguing fruit, speci cally theresultswe describan this paperconcerningyeneralizationsf Zome,

andasurprisingaspecbf symmetryandprojection.

Ourinterestin Zomecenteroonthewaythatit hintsatdeepunderlyingmathematicsserendipityoecomes
commonplaceandstartlingcoincindencesometo beexpected.The“octahedraZome” and“greenquater
nions” of our title were quite surprisinginitially, but turn out to have a very straightforvard explanation,
detailedbelon. Nonethelessthe explanationhasopenedup new vistas,by giving us the ability to charac-
terizesomegeneralizationsf Zome. The mechanisnof “tenacioussymmetry”is not soeasyto explain, so
we mustcontentourseheswith merelydescribingts characteristicandsomeexamples.

Our collaborationwas also fruitful asa synegy betweenpure mathematicsandthe appliedscienceof
visualizationand modelling software. Scotts Zome modelling software, “vZome”, gaineda numberof
rich capabilitiesashe learnedmore mathematicérom David, andDavid gaineda deepeiinsight,andeven
learnedsomegeometryby working with andtalking aboutvZome.A highly productve feedbackoopthus
developed. Sincethis is asmucha story of a collaborationasit is aboutbeautifulmathematicswe have
decidedo tell it in roughlychronologicalbrder

Along the way, we have seenmary novel views of someclassicalpolytopes,andherewe presenia few
of theseaswell. It isimportantto stresghat,with all of our staticart being3-dimensionalit is notoriously
dif cult to visualizethe complicatedand beautiful objectswhich exist in higherdimensions.Zome and
vZomehave allowed usto seesomefantastiqoropertief theseobjects.



2. Octahedral Serendipity

The journegy beganwith David's mentionof thefactthatonemayinscribe ve copiesof the 600-cellin the
verticesof the 120-cell,[1]. Onemay seethisin the usualthree-dimensionaZome projectionof the 120-
cell: Startingwith ary oneof the projecteddodecahedragne selectsary oneof thetenregulartetrahedra
inscribedin its vertices. The facesof this tetrahedrorare sharedby four more tetrahedraand one can
proceedn thisway to constructa projectionof all thetetrahedran the 600-cell. Sincethe original 120-cell
hasa dodecahedratell at the centey ratherthana face,edge,or verte, it is a“cell- rst” projection,and
hencethe new 600-cellprojectionis necessarilyalsoa cell- rst projection. This projectionof the 600-cell
had not beenseenby eitherof us, but is certainlynot unknawvn, [1, 7]. The gure belov shavs a “4D-
cutavay” view; it is halved in four dimensiongo omit the centralinvolution, thenalmost-haled againin
threedimensions.The left-handpair is a parallelbinocularstereoview, andthe right-handpair is a cross-
eyedbinocularstereoview.
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Figure 1. Octahedal Projectionsof the 600-Cell,Quarteed.

It turnsout thatmostof the edgesof thesetetrahedralo not correspondo ary existing Zomestruts. The
vZomeprogram however, canconstructvirtual strutbetweerary two connectoballs. Whenconstructing
suchan“unknown” strut,vZomeassignsa colorin the samepatternasrealZome: All directions(“zones”)
that are equivalentundericosahedrabymmetryare assignedhe samecolor. This hasthe effect of high-
lighting the symmetry(or asymmetry)of models. After performingthe constructionn vZome,whenwe

nally clearedaway all the120-cell“scaffolding” to seethe 600-cell,we realizedthatthemodelusedsome
of the blue, yellow, andgreenzonesfrom the original Zome System,andthreenew zones.We have since
christenedhesenew zoneswith the colorsmaroon olive, andlavender

Althoughour original constructiorappearedo have tetrahedrabymmetryoverall, thefull projectionac-
tually has“pyritohedral” symmetry with two tetrahedracombinedasin Keplers stellaoctangulaat the
center The pyritohedralsymmetrygroupis the symmetrygroupof anidealizedpyrite crystal. Geometri-
cally, thisis thedirectproductof thegroupof 12 orientation-preseimg symmetrief thetetrahedromwith
the 2-elemengroupgeneratedby the“centralinvolution” or “antipode”map

xXy;2) 7 (xy, 2):

This grouparisesin the context of Zomewhenoneattemptsto build a modelwith octahedrabymmetry;
it is actuallyimpossibleto build a Zome modelwith ideal octahedrasymmetry(when one includesthe



symmetryof the Zome partsthemselesratherthantreatingthemasidealizedpointsandline segments).
The symmetrygroupof every Zomemodelis necessarilya subgroupof thefull groupof symmetrieof the
icosahedronbut no subgroupof theicosahedragroupis isomorphicto the octahedrafjroup. Thelargest
subgroupf theicosahedrafjroupwhichis alsoa subgroupf theoctahedragroupis thepyritohedralgroup.

Examinationof the cell- rst 600-cellmodelrevealsthatit actuallyhasfull octahedrabymmetryin every
sensexceptin the precisegeometryof thereal Zomeballs andstruts,for the reasorexplainedabore. Ob-
servingthis andthefactthatonly threenew directionswerenecessarjor thewholemodel,we realizedthat
we hadstumbledon anovel Zome-like systemwith octahedrabymmetryratherthanicosahedrabymmetry
This systensharesll the othercharacteristicsvith the original Zomesystem:theability to scaleby powvers
of thegoldenratio , strutcoloringby symmetrygroupequivalence andasurprisingvarietyof constructible
trianglesandtetrahedrdrom a small setof zones.Althoughwe have not yet proposeda formal mathemat-
ical de nition, we considetthis newv Zome-like systemasan exampleof a “zoning system”. Such“zoning
systems”generally shouldpossesgropertiedik e thoseoutlinedabove, andindeedwe will shav thatthere
aremary systemghat t within suchaframework.

With ourdiscorery of theoctahedratystem Scottimmediatelysetto work to make vZomesupporit, both
in therenderingof the virtual parts,andin the available symmetryoperations.Scottsoonrealizedthathe
couldconstructa 120-cellprojectionwith the samesymmetryby constructinga vertex atthe centerof each
tetrahedrorin the600-cellprojection thenconnectinggachvertex to its four nearesheighbors After adding
acentroidcommando vZome,we quickly producedavertex- rst, octahedrallysymmetricprojectionof the
120-cell. Althoughablack-and-whitegure cannotreadilycorvey it, this projectionis entirelyconstructible
within our newv octahedraZome-like system.As above, this gure shavs a4D-cutavay view in two stereo
pairs.

Figure 2. TheOctahedal Projectionof the 120-Cell.

3. What Color Is Your Quaternion?

Having discoreredonenew zoningsystemandbeinginterestedn nding more,we setout to explore how
and why the new systemworked. Although we constructedhe octahedralb00-cell projectionin three
dimensionspPavid pointedoutthatasafaithful projectionof the4-dimensionabbject,it couldequallywell
be producedy rotatingthe 600-cellin 4-dimensionaspacebeforeprojectingto threedimensionsandthat
suchrotationcouldbe accomplishedby quaterniommultiplication. Hamilton's quaterniongd areintimately
relatedto 4-dimensionagjeometny3]. Furthermoretheoriginal blue-yellav-redZomeSystenof Zometool
is intimatelyrelatecto thebinaryicosahedragjroupl andits embeddingn thegroupS? of unit quaternions.



Therearein nitely mary differentwaysto embedthe groupl | S3, but onein particularl%ﬁdsto a
setof easiyexpressed/ectorsthat correspondo the Zome System. First, denote = %(1 +  5)and

= %(1 5), sothat isthegoldenratioand is its conjugate Onecanlist all 120vectorsquickly after
noticing thatthey only take on threedifferent“shapes”. Theseshapesare representates of orbitsin the
192-elemengroupwhich containsarbitarysignchangesndall even permutation®n thefour coordinates.
Theshape®f vectorsin thisembeddingf | are

(1;0;0;0); %(1; 1;1; 1); and%(O; 1);

of whichtherearerespectrely 8, 16,and96 vectors.(\We oftenusethetwo notationsw + ix + jy + kz and
(w; x; y; z) for quaternionsnterchangeblyAs arule, we use(w; Xx; y; z) whenwe wantto denotepointsor
vectorsandw + ix + jy + kz whenwe wantto denotea multiplicationoperatos) Noticethat,althoughhere
we have presentedhreedifferentshape®f vectors,this setof 120 vectorsconstitutesa single orbit under
theH 4 symmetrygroup,of whichthis 192-elemengroupis a subgroup.

Oneobtainsthe Zome Systemby considering (21), where is the projectionfrom 4-dimensionato
3-dimensionaspacehatmapsaccordingaccordingto theformula

(wyxy;z) TV (XY 2):

(We use2l to indicatethatwe pre-multiplyeachelementof | to avoid dealingwith %factors.)Oneassigns
a color to eachvectorin (2I') accordingto its shape.Blue vectorshave the shape(2;0;0) or ( ;1; ),

yellow vectorshave theshapgl; 1; 1) or ( ;0; ), andredvectorshavetheshapgl; ;0) or(0; ;1). Here
“shape”refersto orbitson 3-spacainderthe pyritohedralgroup,asdescribecearlier Naturally Zomealso
allows thatevery multiple of thesevectorsby a power of thegoldenratio bea standardstrut. Indeed,one
shouldnotice,for examplethat (1; ;0) = ( ; 1;0), andthisisthelongerof thelgvxiotypesof redstruts
describedabw% Everybluestruthaslength " 2, everyyellow struthaslength " ~ 3, andeveryredstrut

haslength " = 1+ 2

Recallthat theseare all projectionsof a single orbit of vectorsequivalentunderH 4 symmetry If one
imaginesa four-dimensionalanalogueof Zome, the actual600-cell and 120-cell could be entirely con-
structedusing“blue hyperstruts” basedon the vectorsin | . In fact,all 15 corvex uniform polychorawith
H 4 symmetrycould be constructedvith them,andtherefore3-dimensional -projectionsof themcanbe
constructedvith the Zome system. The currentexistenceof the Zome systemitself is directly relatedto
Marc Pelletiers recognitionof this fact(whenhewasjust 17).

If thesetl canbeconsideredhe“blue hyperstruts”in four dimensionstheset(1+ i)l canbeconsidered
the “green hyperstruts”. N%tg that the two setsarerelatedto eachother by a quaternionmultiplication
thatcomposes dilation by © 2 with a 4-dimensional‘rotation”, andan objectwith H 4 symmetrycanbe
constructedwith eithersetalone. However, if the two constructionsare both projectedto a hyperplane
perpendiculato a“blue” vector theresultingthree-dimensiongirojectionsarevery different,asonemight
expect. Remarkablythough,that differenceis manifestedn the fact that one projectionhasicosahedral
symmetryandthe otherhasoctahedrabymmetry

We obtain our 6-color octahedrakzoning systemby consideringset (2(1 + i)l). As is the casewith
the elementof |, onenoticesthatthe vectorsin theset2(1 + i)l alsotake on a smallnumberof shapes.
However, for reasonsvhich onewill nd in [2], the groupthatwe needis slightly restricted. Insteadof
allowing arbitrarysignchangesye only allow anevennumberof signchange®f the4 coordinatesSince
we still allow evenpermutation®f the coordinateswe have agroupof order96 thatpreseresthe shapeof



thevectors.Explicitly, therearefour shapes
( %55 n(C sLL1 (% ;5 ) and(22,0,0);

with correspondingrbit sizes32, 32, 32, and24. Projectingdown to 3 dimensionswe notice that the
numberof signsis nolongerrelevant. For example,noticethat(w; x; y; z) and( w; X;Vy;z) agreeexcept
for anevennumberof signchangeswhereasheirimages (w;x;y;z) = (x;y;z) and ( w; X;y;2z) =

( x;y;z) agreeexceptfor anoddnumberof signchangesindeed,againwe usethe pyritohedralgroupto
obtaintheentireorbit of directions,andonemay quickly tabulatethe 6 shape®f vectors.

Number Number
Shape | of Zones| Color Shape | of Zones| Color
(0;0;2) 3 blue | (1;1; ) 12 maroon
(2;2;0) 6 green|| (; ; 2 12 | lavender
(1,11 4 yellow | (;; 2 12 olive

Table 1. TheOctahedal ZoningSystem.

Notethatfor ary vectorin this zoningsystematleasttwo of thecoordinatesreequalin magnitude This
is equivalentto sayingthatall thesestrutslie in a planeorthogonato somegreenstrut. Also noticethata
subsetf the original blue, yellow, andgreenzonesappeamaturallyin this system.However, if we want
this new zoningsystemo accommodatée 600-cell,we mustincludethe new maroon Javendey andolive
zonesaswell.

Armed with someof this knowledge, Scottwas ableto quickly implementquaternionmultiplicationin
vZomewhenimportingafour-dimensionallatasetor whengeneratingponeof theH 4 polychora.ln vZome,
onespeci esaquaterniorby selectinganexisting strut. Althoughthe strutis speci ed by avector(x; y; z)
with only 3 coordinatesthe above analysisshavs thatthe fourth coordinatew is determinedup to a sign
by the zonein which it lies. Selectingary greenstrut resultsin a quaternionhaving the sameshapeas
1+ i = (1;1,0;0), andall suchquaternionshave effect equvalentto mapping2l ! 2(1+ i)l. In
short,achiering the octahedraprojectionsof the 120-cellor 600-cellis now aseasyasthreeclicks, a vast
improvementover our original manualderiation.

Figure 3. Pentayon-Hrst Projectionof the 120-Cell.



Availability of quaterniormultiplicationin vZomeimmediatelybeggedthe question:Whatis the effect
of usingthe various“colors” of quaternions?irst, sinceblue strutsareall in the orbit of the quaternion
(2;0; 0; 0), whichis anaxisof symmetryin H 4, usingabluequaterniorhasno effect moduloadilation. For
othercolors,theanswerprovedserendipitouin theway we have cometo expectof Zome. Applying a“red”
guaterniorto anobjectwith H , symmetryyieldsa 3-dimensionabbjectwith the symmetryof a pentagonal
antiprism;the projectionis symmetricaroundtheredstrutusedasthequaternion Thisresultsin aface- rst
projectionof the 120-cellwith two overlappingpentagonsn the centey andanedge- rst projectionof the
600-cell. The gure aboreis a cutavay thatshavs oneexampleof eachof the 9 differentdodecahedratell
shapesn theformermodel,with somefacespresentor clarity.

Naturally applyinga“yellow” quaterniorproducesprojectionssymmetricaroundthatyellow strut. This
yields a face- rst 600-cell, centeredon overlappingtriangles,and an edge- rst 120-cell. Both red and
yellow quaternionmultiplicationsyield new zoning systemsanalogoudo the octahedrakystemwe have
describedbut with differentsymmetriesin bothcasesthevectorsof | aremappedo asmallnumberof 3-
dimensionakhapesalthoughmoreshapegthuscolors)arerequiredthanfor theoctahedrasystem.indeed,
ary quaterniomnultiplicationof | yieldsazoningsystenmcapableof renderingorthogonaprojectionsof H 4
polychora.

4. TenaciousSymmetry

The group H4, with 14,400elementsjs moderatelylarge and exotic, comparedo the sizesand variety
of the nite groupswhich actin 4-dimensionakpace.Having so muchsymmetry someunusualkracesof

this symmetryremainwhentheseobjectsare projecteddown to threeandtwo dimensions. We refer to

this as“tenacioussymmetry”: Much symmetryis necessarilyostin a projectionto lower dimensionjut it

somehw refusedo betotally eradicatedMoreover, dueto the obserationin [8], we seethatthe original

Zome Systemis directly relatedto the famousE g “Gosset” lattice, whosepoint symmetriescomprisea
groupwith nearly700million elementsCertainlywe will seeawide varietyof highly-symmetricabbjects
by consideringlifferentviews of thisamazingobject.

Figure 4. Two Views of the Compoundf Fifteen16-Cells.



An easily-accesseekampleof this phenomenoris provided by the Van Ossprojectionof the 600-cell,
whichappearsisthefrontispiecen [1]. Thesymmetryof this gure is thedihedralgroupwith 60-elements,
i.e., the symmetrygroup of a regular 30-sidedpolygon. This projectionrevealsthe fact that this dihedral
group,while it may not be isomorphicto any subgroupof H 4, is still closelyrelated;indeed,H 4 contains
elementof order30.

Anyonewho hasworked on aZomemodelof anH 4 polychoronis familiar with the obvious symmetries
visible whenlooking throughsucha model. Few are surprisedmorewer, thatan objectwith icosahedral
symmetrycan exhibit 10-fold rotationalsymmetryin a parallel 2-dimensionalprojection. When David
undertookto build a Zome modelof the regular compoundof fteen 16-cells,usingvZomeasan aid for
visualization,he beganto seemore surprisingsymmetries.Scottand otherZome enthusiastexperienced
this rsthand when David led constructionof the latter model, picturedabove, at a meetingin Chicago
in SeptembeR005. This modelhaspyritohedralsymmetry and,in particular its symmetrygrouphasno
elementof order5. Neverthelessasthe photoon theright shavs, the projectionof the modelontoa plane
perpendiculato a red zonehaspentagonaymmetry This is a remnantof the symmetrygroup of the
correspondingl-dimensionapolytope which doeshave elementsf order5s.

The vZome programis ideally suitedto exploring this phenomenon.Considerthe red-quaterniorpro-
jection of the 120-cell; that projectionhasthe samesymmetryas a pentagonabntiprism. Although that
symmetrygrouphasno elementof orderthree therearetendistinctorthographigrojectionsof this object
to two dimensionghat exhibit six-fold rotationalsymmetry Five of thoseprojectionsproducea gure as
shavn belav in the rst two images, rst shaving the strutcolorsandsecondn a simplewireframe. The
other veproducea gure asshawvn in thethird image.

Figure 5. Red-QuaterniorProjectionsof the 120-Cell.

Tenaciousymmetryis in factdisplayedn all Zome-axigprojectionsof ary H 4 polychoronandsimilarly
if ayellow quaternioris appliedratherthanaredone.In otherwords,althoughmostof therich symmetryof
H 4 is inevitably lostin these3-dimensionaprojectionsthatsymmetryis too “tenacious’to be completely
eradicated- tracesof it remainwhenoneprojectsagaindown to two dimensionslongparticularaxes.

5. Conclusion

To reiterate therearein factanin nity of Zome-like systemsasedon the binaryicosahedragroup,one



for eachunit quaternion.However, they getprogressiely lessinterestingasthe elementof | aremapped
to moregenericelementswvith respecto thegroupH 4, andlessandlesssymmetryis preseredin thethree-
dimensionalprojection. With icosahedrabymmetry the original blue-yellav-red Zome Systemis clearly
the mostsymmetricof thisin nite set. As in the caseof the octahedrakystembasedon green-quaternion
multiplication, the red and yellow quaternionssimilarly generateZzome-like systemswith a small set of
vectorshapesAll of thesesystemsharetheusefulpropertyof arbitraryscalabilityby powversof , without
requiringadditional,longerstrutlengths. Thesescalabilityand“small inventory” propertiesmake all such
systemgotentiallyinterestingo artistsandengineerslike.

We areproposingto generalizeandstudya wide classof such“zoning systems” suchasthosethathave
beendiscussedhere.Hereis areview someof thecritical propertiessharedy all of thezoningsystemswe
have seen.First, all of thesesystemsare basedon connectorballs andstruts. Secondthereis a group G
whichactsontheambientspaceandfor whichthe symmetrygroupof every modelis necessarilya subgroup
of G; thesymmetryof the connectoiball is G. Third, the original 4-dimensionabrbit of 120elementsn |
mapsto a smallsetof orbitsunderG, with the sizeof thatsetdependendn the quaterniorg usedto mapl

to ((20)!).

As hasbeenobseredin [8], anothercharacteristiof theZomeSystemis thatit is closelyrelatedto agen-
uinelatticein 8 dimensionsOnemaydescribethis lattice quickly asasubsebf R8, but s is alsoembedded
naturallyin R in suchaway thatthe lattice pointsmay be positionedarbitrarily closeto eachother More
precisely the lattice points comprisea densesubsetof R* underthe usualnorm. This propertyleadsto a
fourth characteristiof all thesezoningsystems:The idealizedlocationsof the connectoballs comprisea
densesubsebf the ambientspace.Fromthe perspectie of onewho wishesto createaninterestingmodel,
we regardthis propertyascritical; in atheoreticakenseit providestheuserwith theliberty to placeobjects
in virtually ary locations/hedesires.
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