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1 Tribute to Vera Pless

I first met Vera Pless on 12 October 1987 at the University of Wisconsin. She
was visiting Madison at the time, and I was in town to give a talk. We had shared
some correspondence prior to this, because I had discovered that a problem I had
been pursuing, which originated in differential geometry and algebraic topology,
turned out to be equivalent to classifying the doubly-even self-dual binary codes up
to code equivalence. Vera very graciously provided me with copies of some of her
papers on the classification of these codes, and I went on to study the relationships
between self-dual codes and certain structures in algebraic topology.

When I re-located to the midwest in 1990, Vera very kindly invited me to speak
in her UIC seminar on several occasions. On one such occasion, 28 April 1992, Vera
suggested that I re-examine the work of MacWilliams on code equivalence. Inspired
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2 Jay A. Wood

by Vera’s interest, and by subsequent collaboration with Thann Ward, I spent much
of the next seventeen years developing an understanding of code equivalence and the
MacWilliams identities for linear codes defined over finite rings and finite modules,
with a special emphasis on the role of Frobenius rings. I doubt that I would have
worked on these topics if Vera had not suggested them. So, I can truthfully say:
“Vera, I owe it all to you. Thank you!”

I find it fitting that this paper allows me to return to the topic of my first cor-
respondence with Vera: self-dual codes, with some examples coming from algebraic
topology.

2 Introduction

My goal in this paper is to clarify the assumptions that lead a good theory
of self-dual codes over non-commutative rings. The paper was inspired by, and
is an elaboration of portions of, the book by Nebe, Rains, and Sloane (NRS06).
Virtually all of the content of Sections 3 and 4 can be found, explicitly or implicitly,
in (NRS06). The material in those sections has been organized in a manner similar
to the latter portions of (Woo009), in which a detailed examination of duality and
the MacWilliams identities took place.

In (Woo09), the dual of a left linear code is a right linear code, and vice versa.
While the theory works well, the change of sides makes it difficult for a code to be
self-dual. This problem is addressed in (NRS06), and in Section 3 the approach
of (NRS06) is condensed into three properties (Definition 3.3): that the ring R
admit an anti-isomorphism ¢; that the alphabet A, a finite left R-module, admit an
anti-isomorphism 1 to its character module A; and that i have a close relation to
its own dual map. These properties are equivalent to the existence of a bi-additive
form §: Ax A — Q/Z, with certain additional properties. The form S plays a
major role in (NRS06), and the same it true here.

In Section 4 it is shown (Theorem 4.1) that the three properties of Definition 3.3
imply that left dual codes of left linear codes exist and have all the good properties
one would expect of a dual code. In subsequent sections, the paper addresses each
of the three properties in turn. In some cases, general theorems can be proved
concerning when the property holds. In all cases, several examples (including a
group ring and a finite subalgebra of the Steenrod algebra) are explored in detail.

3 Anti-isomorphisms and character modules

Let R be a finite ring with 1. We allow R to be non-commutative. Let A be a
finite left R-module, which will serve as the alphabet for linear codes over R. A left
R-linear code over A of length n is a left R-submodule C' C A™. (There is a parallel
theory for right linear codes.) An important special case is when the alphabet A is
the ring R itself, viewed as a left R-module.

In most treatments of the MacWilliams identities, the dual code C*+ would be
a right R-module. Unless the ring R is commutative, this change of sides would
make it impossible for a code to be self-dual, i.e., satisfy C = C+. Nebe, Rains,
and Sloane (NRS06) address this problem by assuming some additional structure
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on R and A so that one can view the dual code C* as a left R-module. To that
end, we follow (NRS06) and introduce several definitions.

An anti-isomorphism € : R — R of aring R is an isomorphism of abelian groups
with the property that e(rs) = e(s)e(r) for all r,s € R. An anti-isomorphism &
defines an isomorphism R = R°P between the ring R and its opposite ring R°P.
If ¢ is an anti-isomorphism of R, then so is its inverse e~!. An involution is an
anti-isomorphism € : R — R such that 2 is the identity; i.e., e 7' = €.

Let rF (resp., Fr) denote the category of finitely-generated left (resp., right)
R-modules and R-module homomorphisms. Then an anti-isomorphism ¢ : R — R
induces covariant functors € : g F = Fg as follows. If M is a left R-module, define
e(M) to be the same abelian group as M with right scalar multiplication defined
by mr = e(r)m, for m € M, r € R, where £(r)m uses the left scalar multiplication
of M. Similarly, if N is a right R-module, then ¢(NN) has left scalar multiplication
defined by rn = ne(r), for n € N, r € R. One verifies that a homomorphism
f My — Ms of left R-modules is also a homomorphism ¢(M;) — ¢(Ms) of right
R-modules.

Character modules will be important in our discussion, so we provide a short
summary of them next. The character functor = : rF = Fg is a contravariant
functor that associates to every finite left (resp., right) R-module M its character
module M = Homy(M,Q/Z), which is a finite right (resp., left) R-module. (In
this paper, the additive form of characters will be used. By composing with the
exponential map: Q/Z — C*, z — exp(2wiz), x € Q/Z, one recovers the multi-
plicative form of characters. The modules involved are isomorphic.) When M is a
left R-module, the right module structure of M is given by (wr)(m) = w(rm), for

wGJ/\I,TGR,andeM.

Lemma 3.1. Given an anti-isomorphism € on a finite ring R, the functors € and
= commute. That is, for any finite R-module M,

— —

e(M) =e(M).

Proof. When M is a left R-module, both (M) and M are right R-modules, and

—~

5?\]\/[) and e(M) are both left R-modules. For a character w : M — Q/Z, left
multiplication by r € R in e(M) means, for m € M, (rw)(m) = w(mr), where the

L~

right multiplication is that of ¢(M). Left multiplication in e(M) means (rw)(m) =
(we(r))(m). The two left multiplications agree because w(mr) = w(e(r)m) =

(we(r))(m), using the right module structures of (M) and M. O

Suppose the finite ring R admits an anti-isomorphism ¢. Even though the
functors € and ~ commute, the functors cannot be the same. Indeed, the functor ¢ :
rF = Fpg is covariant, while the character functor ~ : R F = Fpg is contravariant.
However, modules where the functors agree will be important. e

To that end, suppose M is a finite left R-module such that ¢ : e(M) — M is
an isomorphism of right R-modules. For every y € M, 1 (y) is a character on M.
We denote the value of this character on a point 2z € M by ¢ (y)(z). Then 1 being
a homomorphism means

P(e(r)y)(x) = ¢(yr)(x) = (W(y)r)(x) = ¥(y)(re), (3.1)
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forr € R and x,y € M. .
By applying the character functor to the isomorphism ¢ : (M) — M and using
that the double character module of M is naturally isomorphic to M itself, we obtain

M — aT\Z\l) = 5(]\/4\) Applying e =1, we have an isomorphism ¢ : e (M) — M.
From the definition of ¢ we have the relation

V(@) (y) = v(y)(@), wye M. (3.2)

Proposition 3.2. Suppose a finite ring R admits an anti-isomorphism € and that
a finite left R-module M admits an isomorphism v : e(M) — M. Then e(M) =
e Y (M); ie., e2(M) = M.

Proof. The composition 114 : e(M) — M — e~'(M) is an isomorphism. O
Definition 3.3. The following is a list of properties that a ring R may possess.
P1: The ring R admits an anti-isomorphism e¢.

P2: Given an anti-isomorphism € on R, there exists a finite left R-module A and
an isomorphism v : ¢(4) — A.

P3: In P2, the isomorphism 1 satisfies ’(//J\ = te, for some unit e € R.

The condition in P3 means that there exists a unit e € R such that QZ(x) =
Y(x)e € A, for all x € A, where ¥(z)e uses the right module structure of A. This
leads to the following relations:

V(@) (ey) = (B(2)e)(y) = d()(y) = () (@), =,y € A. (3-3)

For the rest of this section we assume that a finite ring R and a finite left R-
module A satisfy P1-P3, with anti-isomorphism ¢ and right module isomorphism
¥ @ e(A) — A. In this case, observe that v : A — £ !(A) is a left module
isomorphism. R

We will now associate to ¥ : €(4) — A a bi-additive form, in the spirit of
(NRS06). First define 5 : A x A — Q/Z by 3(a,b) = ¥(b)(a), for a,b € A. Then

extend f to B : A" x A" — Q/Z by

n n

Blx,y) = Blaiy) = > b(yi) (), (3.4)

i=1 i=1

forz = (z1,...,24),y = (Y1,...,yn) € A" . Remember that the notation ¥ (y;)(z;)
means to evaluate the character ¢ (y;) of A on the element x; € A. The result is an
element of Q/Z. One then sums these elements of Q/Z.

Theorem 3.4. Assume properties P1-P3. The form (3 of (3.4) satisfies:

1. The form (3 is bi-additive; i.e., B(x+z,y) = B(z,y)+8(z,y) and B(z,y+2) =
B(x,y) + B(z, ), for all z,y,z € A™.

2. The form (3 is non-degenerate. That is, if B(A™,y) = 0, then y = 0; and if
B(x, A™) =0, then x = 0.

3. The form satisfies B(rxz,y) = B(x,e(r)y), for allT € R, z,y € A™.
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4. There ezists a unit e € R so that B(x,y) = B(ey, x), for all z,y € A™.

Conversely, assume property P1 and that there exists a form 3: Ax A — Q/Z
satisfying the properties above. If one defines b : A — A by ¥(b)(a) = B(a,b), for
a,b e A, then vy satisfies P2-P3.

Proof. The first part of the bi-additivity of g follows from the definition of charac-
ter; the second from 1 being an additive homomorphism. The non-degeneracy of
0 follows from a similar non-degeneracy property of characters. The scalar multi-
plication property follows from 1) being a homomorphism of right R-modules and
the definitions of the right module structures on A and €(A); compare with (3.1).
The symmetry property follows from P3; compare with (3.3).

The converse is an exercise for the reader. O

4 Dual codes and the MacWilliams identities

We first recall several well-known definitions. We assume that R is a finite ring
with 1 and that A is a finite left R-module. An additive code of length n is an
additive subgroup C C A™. Recall that a left linear code is a left R-submodule of
A". Every linear code is an additive code, but not conversely. The Hamming weight
wt on A is a function wt : A — Q defined by wt(0) = 0 and wt(a) = 1 for a # 0.
The Hamming weight extends to a function wt : A — Q by wt(ay,...,a,) =
i wt(a;). The Hamming weight enumerator of an additive code C' C A™ is the
polynomial We(X,Y) € C[X,Y] defined by

WC(X, Y) — Z Xn—wt(c)ywt(c).
ceC

Assume that a finite ring R and a finite left R-module A satisfy P1-P3, with
anti-isomorphism e and right module isomorphism ¢ : £(A4) — A. The isomorphism
¢ extends to a right module isomorphism 1) : e(A™) — An,

Given an additive code C' C A™, the character-theoretic annihilator of C' is

(A" : C) = {w € A" : w(C) = 0}.

Note that (A" : C) is an additive subgroup of A" and that |C||(A" : C)| = |A"|;
see (Wo0099, (A.2)) or (Woo09, Section 2.2). Define the dual code C*+ by

Ct =y (A" C).

Note that the dual code C* is an additive code in A”. We say that C is self-
orthogonal if C C C+ and self-dual if C = C*.

Theorem 4.1. Assume that a finite ring R and a finite left R-module A satisfy
P1-P3, with anti-isomorphism e and right module isomorphism v : e(A) — A. Let
B be the form associated to v via (3.4). Then:

1. For any additive code C C A", C+ = {y € A" : p(C,y) = 0}.
2. For any additive code C C A", |C||C*| = |A".
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8. For any additive code C' C A", the MacWilliams identities are satisfied:

1
Wes (X,1) = i WolX + (J4] - )Y, X = V).

4. If C C A" is a left linear code, then so is C*.
5. For any left linear code C C A", C = (C+)*.
Proof. By the definition of C*,

CH =y (A" C) = {y € A" 1 ¢(y)(C) = 0} = {y € A" : B(C,y) = 0}.

The size condition on C follows from the size condition on (A\” : C') and 9 being an
isomorphism. The standard proof of the MacWilliams identities using the Poisson
summation formula applies; see (Wo009) (or other standard sources) for details.
Suppose C is a left linear code and that y € C*, so that 3(C,y) = 0. Consider
ry, for r € R. Then 3(C,ry) = B(e~1(r)C,y), by Theorem 3.4. (This particular
property follows from P2.) Because C is a left R-submodule, e*(r)C € C. Then
B(e~(r)C,y) = 0, since y € C*+. Thus ry € C+, and C* is a left R-submodule.
The double dual statement uses P3 in an essential way. We first show that C' C
(C*)*. To that end, suppose # € C and y € C+. In order that z € (C+)*, we must
show that 8(y,z) = 0. But B(y,z) = B(ex,y) = B(x,e(e)y) = 0, since e(e)y € C+
because C* is a left R-submodule. Note that in this derivation, Theorem 3.4 was
used twice, using properties that follow from P2 and P3. Once we know that
C C (CH)*, equality follows from the size condition (applied to C' and C+). O

Remark 4.2. Because of the property 3(x,y) = 3(ey, r), which uses P3, C* is also
equal to {x € A™ : f(x,C) = 0}, provided the code C is linear. (The assumption
of C being linear is not needed if e = 1.)

Remark 4.3. Although we do not include it here, the MacWilliams identities are
also valid for the complete weight enumerator. See (NRS06) or (Woo09) for details.

5 Property P1—Examples

In this section we provide a number of examples of finite rings that satisfy
Property P1, i.e., rings that admit an anti-isomorphism . Because Frobenius rings
will play a prominent role in Section 6, we also mention whether the examples are
Frobenius rings. (See (Lam99), (W0099), or (Wo009) for more information about
Frobenius rings.) Verifications will be left to the reader or to cited references.

Example 5.1. The first example is a non-example, i.e., an example of a finite ring
that does not admit an anti-isomorphism. Let R be the ring

n= (V0% Za)

where £ > 2. One can show that the left and right annihilators of the set of
nilpotent elements are different, which would contradict the existence of an anti-
isomorphism. This example is due to H. W. Lenstra, Jr., and details can be found
in (Lam03, Ex. 1.22B). This ring is not Frobenius.
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Example 5.2. If R is a finite commutative ring, then any ring isomorphism, in par-
ticular the identity isomorphism, is an anti-isomorphism. Some finite commutative
rings (such as finite fields and Galois rings) are Frobenius; others are not.

Example 5.3. The product of rings satisfying P1 is another ring satisfying P1.
That is, if finite rings Ry, ..., R, admit anti-isomorphisms €1, ..., &,, respectively,
then R = Ry X --- X R, admits the anti-isomorphism € = ¢ X - -- X €,. If every ¢;
is an involution, then so is €. The product R is Frobenius if and only if each R; is
Frobenius.

Example 5.4. Suppose a finite ring S satisfies P1 with anti-isomorphism e, and
suppose G is a finite group. Then the group ring R = S[G] satisfies P1 with
anti-isomorphism ¢ given by

5(2 599) = Z 6(59)971~

geG geG

If € is an involution, then so is . See (Lam03, Ex. 6.10) for details. If S is Frobenius,
then so is S[G].

Example 5.5. Suppose a finite ring S satisfies P1 with anti-isomorphism e. Then
the matrix ring R = M, (S) satisfies P1 with anti-isomorphism & given by

e(M) = (e(M))", M € My(S);

i.e., the transpose of the matrix obtained from M by taking e of each entry. If € is
an involution, then so is €. For details, see (Lam03, Ex. 1.22). If S is Frobenius, so
is M, (5).

Example 5.6. Suppose a finite ring S satisfies P1 with anti-isomorphism €. Then
the upper triangular matrix ring U, (S) and the lower triangular matrix ring L, (S)
satisfy P1 with anti-isomorphism e given by:

e(M)i; =€e€(Mpiyi—jnyi—i), M € Uy(S),Ln(S);

i.e., the (i, 7)-entry of (M) is € of the (n+ 1 —j,n+ 1 —i)-entry of M. If € is an
involution, then so is €. See (Lam03, Ex. 1.22) for more details. For n > 2, the
rings U, (S) and L, (S) are not Frobenius.

Example 5.7. This example involves certain finite quotients of skew polynomial
rings. Let I, be a finite field of characteristic p and order g = pf. Suppose o
is an automorphism of the field Fy. (Then o necessarily fixes the prime subfield
F, C F,.) Define the skew-polynomial ring F,[X; o], as an abelian group, to be
the polynomials in X over Iy, but with the ring multiplication determined by the
relation
Xa=o0(a)X, acl,

If o is not the identity automorphism, then F,[X;o] is a non-commutative ring.
It is known that one-sided division algorithms are valid in Fy[X; o], and thus that
every left (resp., right) ideal is principal. We note that (X!*1) is a two-sided ideal.

Let R = F,[X;0]/(X"*!). Then R is a finite chain ring of order ¢'*'. Every
left (resp., right) ideal is two-sided, and the ideals are

H>X)>(XH)o-->xH>x*H) =o0.
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Also, R is a vector space over F, with basis 1, X, X2,..., X', Just as for F,[X;0],
if o is not the identity, then R is non-commutative. Because R is a chain ring, it is
a Frobenius ring.

Theorem 5.8. The ring R = F,[X;0]/(X'™Y) admits an anti-isomorphism if and
only if the field automorphism o is an involution; i.e., o is the identity. Moreover,
when o is an involution, R admits an involution.

Proof. Observe that every element r € R was a unique representative of the form
r = Zé:o r; X, with r; € F,.

Suppose o is an involution, so that o2 is the identity. We seek to define ¢ :
R — R in such a way that €(a) = a for a € F,; and ¢(X) = X. Then, for any

r= Ei:o r; X' € R, we would need to have

l l

!
e(r) = Zs(riXi) = e(X)ie(ry) = ZXiri = Zai(ri)Xi.

l
=0 =0 =0

Consequently, we define ¢ : R — R by this formula. Because o is a field automor-
phism, ¢ is a homomorphism of abelian groups. Because ¢ is an involution, one
sees that €2 is the identity, so that ¢ is an isomorphism of abelian groups.

It remains to verify that e(rs) = e(s)e(r), for r,s € R. Write r = Zi:o riX®
and s = Zé:o s;X7. Calculations show that the coefficient of X* in £(rs) is

oF( D riol(sy) = Y " (ra)oti(sy),

i+j=k i+j=k

while the coefficient of X* in e(s)e(r) is

Y (s = Y o (sy)a" ().

j+i=k jti=k

In these formulas (which take place in F), the factors of o%(r;) agree. As for the
factors involving s;, observe that o*Ti(s;) = ¢77%(s;), because i + j = k. The
latter equals 07 (s;), because o2 is the identity. Thus ¢ is an involution.

For the converse, suppose € : R — R is an anti-isomorphism. Because anti-
isomorphisms map left ideals to right ideals, and vice versa, they map two-sided
ideals to two-sided ideals. Because € is an isomorphism of abelian groups, it must
preserve sizes of ideals. We conclude that ¢ maps each ideal (X*) to itself. In
particular, e(X) € (X), so that (X) = b1 X +bo X%+ -+, X!, for some by, ..., b €
F,, with by # 0. (If by = 0, then ¢ would map (X) into (X?) and sizes of ideals
would not be preserved.) Similarly, the expression for ¢(X*) = (X)* has lowest
degree terms in degree k. (The coefficient of X* would be by (by)o?(by) - -- ¥~ 1(by),
which is nonzero.)

Let v € F, be a primitive element of the field Fy; i.e., v is a generator of the
multiplicative group of F,. Then e(vy) = Zé:o ¢;X*, for some ¢; € F,. Observe
that ¢o # 0, lest ¢ map all of R into (X). Given the expressions for e(y) and e(X)
above, one could write down a formula for ¢(r) for any r = Zé:o r X" € R. In
such a formula, the constant term of (r) involves only the constant term of e(rg).
More specifically, if ro = 0, then the constant term of £(r) is also 0. If rq # 0, then
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ro = ~¢, for some t. In that case one calculates that the constant term of £(r) is cf,
(where ¢y is the constant term of £(7y)).

Claim 1: ¢y is a primitive element of F;. The anti-isomorphism e is, in partic-
ular, surjective. Thus any non-zero element a of I, must appear as the constant
term of e(r) for some r € R. But that implies that a = ¢}, for some ¢, which means
that ¢ is a primitive element of IF,.

Remember that o is a field automorphism of F, and that ¢ = pf. Then o has
the form o(a) = a?’, a € Fy, for some g = 0,1,..., f—1. Observe that the constant
term of £(a(7)) = e(v**) = e(7)*’ is cgg = o(cp).

Claim 2: o%(cy) = co. To see this, set v = X and v = yX'~!. Then
uwv = o(7) X!, and a computation shows that (uv) = ¢(X)'e(o(7)) = e(X)!o(cy) =
ot 1(co)e(X)l. (We make use of the fact that X'*1 = 0 in R to simplify ex-
pressions.) On the other hand, a similar computation shows that e(v)e(u) =
o'=1(co)e(X)!. Since the coefficient of X! in (X)!, namely byo(by)---o'=1(by),
is nonzero, we conclude that 0'l+1(00) = Ul_l(co). Because ¢ is an automorphism,
hence invertible, it follows that o2(c) = co.

Claim 3: o is an involution. This follows immediately from the previous claims.
Indeed, o2 is a field automorphism that fixes a primitive element of the field. Thus
o? fixes everything; i.e., o2 equals the identity. O

Example 5.9. Our last example has its origins in algebraic topology, where it
appears as a finite sub Hopf algebra of the mod 2 Steenrod algebra. There are
many finite sub Hopf algebras in the Steenrod algebra, and the one we present is
one of the smallest and simplest. A reference is (Whi78, Chapter VIII).

Define A(1) to be the Fo-algebra with 1 generated by two elements, traditionally
denoted Sq' and Sq? (examples of Steenrod squares), with relations Sq'Sq' =0
and Sq?Sq? = Sq' Sq? Sq!. It then follows that A(1) has dimension 8 as a vector
space over Fy, with vector space basis 1, Sq*, Sq°, Sq*Sq?, Sq®Sq!, Sq? SqQ(:
Sq' Sa?Sq'), Sq? Sq* Sq?, and Sq* Sq? Sq®. There is an involution on A(1), tradi-
tionally denoted y, such that x(Sq') = Sq* and x(Sq?) = Sq?. Then x(Sq' Sq?) =
Sq?Sq*, x(Sa*Sq') = Sq' Sq?, and x fixes the other basis elements. In Figure 1,
the basis elements are represented by dots, multiplication by Sq' is represented by
a straight line segment, and multiplication by Sq? is represented by an arc. The
involution x flips the figure top to bottom. The ring A(1) is a Frobenius ring.

Figure 1 The ring A(1).

Remark 5.10. We see from these examples that Property P1 is independent of a
ring being Frobenius.
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6 Property P2 and Frobenius rings

In this section we suppose a finite ring R satisfies property P1, with anti-
isomorphism . We are interested in finding examples of finite left R-modules
satisfying property P2; that is, a module with an isomorphism 1 : ¢(A) — A of
right R-modules.

Theorem 6.1. Let R be a ring with anti-isomorphism €. Then there exists a finite
R-module A satisfying property P2.

Proof. Both the character functor A — A and the e-functor A — g(A) map the
set of simple left R-modules bijectively to the set of simple right R-modules. Set
A to be the direct sum of (one representative of each isomorphism class of) all the
simple left R-modules. Then both A and g(A) are isomorphic to the sum of all the
right simple R-modules. O

Lemma 6.2. Suppose R satisfies P1 with anti-isomorphism . Consider the left
reqular module rR. Then e(rR) = Rgr, as right R-modules.

Proof. Observe that e~! provides the desired isomorphism ¢(grR) — Rg. O

Theorem 6.3. Suppose R is a finite ring that admits an anti-isomorphism €. Let
the left module A be the ring itself: A = grR. Then A = rR has property P2,

-~
~

e(A) =2 A, if and only if the ring R is a finite Frobenius ring.

Moreover, when R is a finite Frobenius ring with generating character o : R —
Q/7Z, an isomorphism ) : e(rR) — Rp is given by 1 (b) = oe~1(b), the right scalar
multiple of 0 € R by e~1(b) € R. The form 3: R* x R"* — Q/7Z associated to 1 by
(3.4) is given by

n

Blx,y) = ole (yi)wi),

i=1
forx=(x1,...,20),y = (Y1,--.,Yn) € R".

Proof. By Lemma 6.2, we know that R = e(rR). Thus, A = R satisfies P2 if
and ounly if Rp = e(grR) & ER‘ But Rp = ER if and only if R is Frobenius, by
(Wo099, Theorem 3.10).

Assume R is Frobenius, so that Rp = ER. This isomorphism implies the exis-
tence of a character o € Rg (called a generating character) so that r — or is the
isomorphism Rp — }A%R. By the proof of Lemma 6.2, we know that e~ provides
an isomorphism e(gR) — Rg. Thus ¢(b) = e~ 1(b) is the composition of these
isomorphisms e(zR) — Rp — Rg. The formula for 8 now follows from (3.4). [

Example 6.4. For all of the Frobenius rings appearing in the examples in Section 5,
the left module A = rR satisfies P2.

Example 6.5. Let R = A(1) be the 8-dimensional algebra over Fy of Example 5.9;
A(1) is a subalgebra of the mod 2 Steenrod algebra. Algebraic topology provides
a rich source of A(1)-modules, because the mod 2 cohomology of any finite CW
complex is a finite module over the Steenrod algebra and, hence, by restriction of
scalars, a finite module over A(1). (See (Whi78, Chapter VIII).)



Anti-isomorphisms and character modules 11

Here is a specific example: the mod 2 cohomology of the real projective space
RP™. Tt is known that H*(RP™;F5) is a truncated polynomial algebra:

H*(RP";Fy) = Fafa]/(a"*"),

with a € H'(RP™;Fy), a # 0. The actions of the generators Sq*, Sq* of A(1) are

Noiri s
iy = { Qi<
0, i+7>mn,

where the binomial coefficient is calculated mod 2. See (Whi78, p. 400).

\’/
Figure 2  The A(1)-module H*(RP7;F2).

Write M = H*(RP™;F3); M is both a left A(1)-module and a vector space over
F, of dimension n 4+ 1. A basis of M is 1 = a°,a,a?,...,a". Figure 2 displays
H*(RP7;Fy) as an A(1)-module, with the basis elements being represented by
dots and Sq' and Sq? being displayed using the same conventions as in Figure 1.
The character module M is both a right A(1)-module and an Fs-vector space,
with dual basis denoted wq,w@y,...,w,. As characters, w; : M — Q/Z satisfy
wi(a’) = (1/2)8; ; € Q/Z, where § is the Kronecker delta.

One calculates in the right A(1)-module M that

, TNy, i—j >0,
wiquz{(J) 7 ].7
0, 1—7 <0.

Define ¢ : M — M by 1 (a’) = w,_;. Then one calculates that

(et 5) = wixsa)er) = w65’ ) = o((4 )+ = (V)i

7

while o
4 n—j—1
wWn—;8q" = ( Z )wnji.

The reader will verify that the binomial coefficients agree mod 2 when n = 41 + 3.
Thus M = H*(RP";F2) satisfies P2 when n = 41 + 3.

Both M and M have the same displays as in Figure 2, but with Sq* and Sq>
going from left to right for M, while going from right to left for M. Then M will
satisfy P2 when its display is left-right symmetric, which happens when n = 41 + 3.

7 Property P3 and self-dual codes

In this final section we discuss property P3 and offer some examples of self-dual
codes. The investigation of these codes is in its infancy, and all the examples are
of length 1. More research will be needed in order to produce better examples.
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Remember that a finite Frobenius ring R satisfies Rp = ER, (Wo0099, Theo-
rem 3.10). Thus there exists a character ¢ € R called a generating character such
that Rp — I:BR, r — or (right scalar multiplication), is an isomorphism of right
R-modules.

Lemma 7.1. Suppose R is a Frobenius ring with generating character o. If R
satisfies P1 with anti-isomorphism €, then there exists a unit e € R such that
poe = pe. That is,

o(e(r)) = (ee)(r) = o(er), r€R.

Proof. We make use of a result (Wo099, Lemma 4.1, Theorem 4.3) that says that a
character € R is a generating character if and only if ker @ contains no nonzero
left (resp., right) ideals.

Claim: poc is a generating character. Suppose I is a left ideal with I C ker(go¢).
Then (1) is a right ideal with e(I) C ker p. Because g is a generating character,
e(I) = 0. But ¢ is bijective, so I = 0, too. Thus ker(p o ) contains no nonzero left
ideals, and we conclude that g o ¢ is a generating character.

Both ¢ and poe are generators of Ry, so they are scalar multiples of each other.
By a result of Bass (Bas64, Lemma 6.4), they must be unit multiples of each other.
Thus there exists a unit e € R such that poe = pe. L

In the statement of the next theorem, we use Theorem 6.3 and Lemma 7.1.

Theorem 7.2. Suppose R is a finite Frobenius ring with generating character o.
Suppose R satisfies P1 with anti-isomorphism € and A = grR satisfies P2 with
isomorphism 1 : e(rR) — Rpr given by 1(b) = 0e~1(b) (right scalar multiplication).

Suppose € is an involution and that p o € = ge with unit e being central (i.e., e
is in the center of R; it commutes with every element of R). Then 1 satisfies P3,

ie., 1 = e.

Proof. Remember that @(a)(b) = ¢(b)(a), a,b € R. Because ¢ is an involution,
1 (b) = p(b). Then the result follows from the following computation.

¥(a)(b) = $(b)(a) = (0=(b))(a) = o(e(b)a) = o(e(e(a)b))
= (00¢)(e(a)b) = (ee)(e(a)b) = o(ec(a)b) = o(e(a)ed)
= (02(a))(eb) = ¢(a)(eb) = (¥(a)e)(b). B

We conclude this section with several examples.

Example 7.3. Let I, be a finite field of order ¢ = pf. Then F, is a Frobenius
ring with generating character 1, as follows. Let tr : F, — [, be the trace map
from F, to its prime subfield. If we view elements of F,, as integers mod p, then
¥(a) = tr(a)/p € Q/Z. See (Wo099, Example 4.4(i)).

Let G be a finite group (with unit element e), and let R = Fy[G] be the group
ring of G over F,. Let r = decrgg € R, where 4 € F;. Define ¢ € R by
o(r) = 9(re), where r. € F, is the coefficient of e in » € R. Then p is a generating
character of R (Wo099, Example 4.4(v)). By Example 5.4 and Theorem 6.3, 3 :
R x R — Q/Z has the form

B(r,s) = o((D_ snh™)(X_ re9)) = 9D sq7g);

heG geG geG
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for r,s € R. Thus, ((r,s) = B(s,r), and P3 is satisfied.

Example 7.4. Let X3 be the symmetric group on three letters; |X3| = 6. The
elements of X5 are denoted e, 0,02, 7,70, 702, with 72 = e, 03 = e, and o7 = 702.

Let R = F5[X3] be the group algebra of X3 over Fy, and let

61:€+O'+O'2,
€2=6+O'—|-TO'+TO'2,

63:e+02+7'0+7'02.

Then ey, e2, e3 are orthogonal idempotents that sum to e, which is the multiplicative
identity of R.

The left ideals Re; and Res are isomorphic, and they are simple, with dimension
2 over Fy (other basis elements are Tey and Tes, respectively). The left ideal Req
is indecomposable and of dimension 2 over Fy, but it is not simple. It has a 1-
dimensional subideal R(e + 7)e;. The left ideals C; = R(e + 7)ex + Res and
Cy = R(e + 7)e; + Res are examples of self-dual codes in R.

Example 7.5. Let R = F,[X;0]/(X'*1). Let ¥ be a generating character for F,,
as in Example 7.3. Let r = Zé:o r; X" € R, where r; € F,. Define 0: R — Q/Z
by o(r) = 9(r;), where ; is the coefficient of X! in » € R. Then p is a generating
character of R. Here is the argument. The ring R is a chain ring, so (X!) is a
minimal ideal (and (X') is the socle of R). If kerp were to contain a nonzero
ideal, then (X') C ker o. That is, o((X")) = 0. But o(r;X') = 9(r;), which is not
identically zero, because ¥ is a generating character of F,.

Now assume that o is an involution, so that R admits an involution ¢ and A = R
satisfies P2 (by Theorems 5.8 and 6.3). By Example 5.7, 5: R x R — Q/Z has the

form

l l
B(r,s) = oe(s)r) = o((Y_ o' (s0) X)(D_ 3 X7))
pard =
ZO’ Yot (r)) X)) = 9( Z o'(si)a'(r;))

it+j=1

Z Yo' (sir;)) = Z I(s;75).

i+j=l i+j=l

Here, we have used the fact that ¥(o(a)) = J(a) for a € F,, because the trace
satisfies tr(o(a)) = tr(a), a € Fy. Because the formula above for § is symmetric in
r, s, we see that §(r,s) = 8(s,r), and P3 is satisfied.

When [ + 1 = 2k is even, C' = (X*) is a self-dual code.

Example 7.6. Let R = A(1) be the 8-dimensional 5 algebra of Example 5.9. Re-
fer to the Fa-vector space basis elements as follows: by = 1, by = Sq*, by = Sq?, bg =
Sq'Sq?, by = Sq®Sq', bs = Sq*Sq?, b5 = Sq° Sq' Sq¢?, and bg = Sq®Sq” Sq>. Set
I={0,1,2,3,3,4,5,6}. We will write a typical element of A(1) as r = >, _; 7:b;.
Let 9 be a generating character for Fy; if we view elements of 2 as integers mod 2,
then d(a) = a/2 € Q/Z. Define ¢ € R by o(r) = ¥(rg), where rg for the coefficient
of bg in r € A(1). Then p is a generating character of A(1). Indeed, the socle
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of A(1) is the simple 1-dimensional ideal generated by bs = Sq® Sq® Sq?, and the
argument given in Example 7.5 applies.
By Example 5.9, 8 : A(1) x A(1) — Q/Z has the form

B(r,s) = o(x(s)r) =0( D siry),

i+j=6

were we agree that 3+ 3’ = 6 (and 3 + 3 and 3’ + 3’ do not sum to 6). Since the
sum above is symmetric in r, s, we have 3(r,s) = 3(s,r), and P3 is satisfied.

The left ideal C' = A(1)(Sq' Sq® +Sq? Sq') is a self-dual code. Figures 3 and 4
offer two displays of this code. The filled-in dots are a basis for the code; the open
dots are to allow comparison with Figure 1. In Figure 3, the symbol © is used
because the basis elements Sq' Sq? and Sq? Sq' are added.

Figure 3 An A(1)-linear self-dual code in A(1): first view.

[¢] (¢] (¢] ° O/‘:\\.
\/

Figure 4 An A(1)-linear self-dual code in A(1): second view.

Example 7.7. Let R = A(1), as in Example 7.6. Let M = H*(RP";Fy), with
n = 41+ 3, as in Example 6.5; M satisfies P2. A typical element of M has the form
r=> 1" ,ria’. Using ¢ defined in Example 6.5, 8: M x M — Q/Z has the form

B(r,s) =9(s)(r) = (Z siwn_i)(z rjaj Z $iTWn—i( (a?) Zslrn i
i=0 j=0

where ¢ is the generating character for Fs. The formula is symmetric in r, s, so
B(r,s) = B(s,r), and P3 is satisfied.

The vector subspace C spanned by a?+2,a?+3, ... a**3 has dimension 2/ + 2
and is a left A(1)-submodule of M; C is a self-dual code. Figure 5 displays this
self-dual code when n = 7. The filled-in dots are a basis for the code; the open dots
are to allow comparison with Figure 2.
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[¢] o o [¢] L] [ ]

Figure 5 An A(1)-linear self-dual code in H*(RP";Fs).

Remark 7.8. The examples in this section have the feature that the rings R are
algebras over a finite field Iy, and the R-modules are vector spaces over F,. Then
R-linear self-dual codes can be viewed as self-dual codes over F, with additional
symmetry coming from R. One caution: the self-duality over I, may involve an
inner product 3 different from the standard dot product. The standard dot product
occurs for group rings. An alternating form occurs in the other examples.
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