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7,/ 4Z-example

R=17/47 M27/47.07)27

O 1 2 3
: Hamming 0 1 1 1
Element weights L ce 01 2 1
Euclidean 0 1 4 1
O 0O 0O 0 0O O 0
O 11 2 3 3 2
O 2 2 0 2 2 0
O 3 3 2 1 1 2
2 0 2 2 0 2 0
2 1 3 0 3 1 2
2 2 0 2 2 0 0
2 3 1 0 1 3 2
a b
T Hamming 1 -1
Multiplicities L ce 1 1
Euclidean 1 2



Terminology
R=7/NZ
Element weights a,, 7 € R
Weight function w(x) = Y11 az;, T € R"

A linear code C has constant weight L if
w(x) =L

for all nonzero xz € C.



Basic questions

e Which modules underlie constant weight
linear codes?

e Uniqueness? (up to replication)

e EXistence?



Linear codes via functionals

Module M over R=7Z/NZ

M= al_y &)y (Z/plZ)™ (kg > 0)
M?! := Homg(M, R), linear functionals

Linear code C = (M,n), n: M* - N

A € MP corresponds to column of generator
matrix

n(A) gives its multiplicity



A correspondence

Disclaimer: There are technical definitions of
equivalence which I am going to leave out.

Linear codes C' = (M, n) supported by M cor-
respond to n € N[M¥] = {n: M} - N}

Bring in a weight function w, with a, € Q

W N[MY — Q[M] 71— wy

wp(z) = Y n(Nayy
e Mt

Theorem 1 Up to equivalence, W is injective.



Virtual codes

Virtual codes are a technical device tailor-made
for the constant weight problem. Will there be
other uses?

Allow negative, even rational, multiplicities

Virtual linear code C = (M,n), n: M¥ — Q

W : Q[M*] — Q[M]

Theorem 2 Up to equivalence, W is an iso-
morphism of Q-vector spaces.



Unigqueness

W : Q[MF — Q[M] is an isomorphism. Con-
stant weight vields a one-dimensional subspace
on the right, hence also on the left.

Theorem 3 For a fixed M, integral virtual con-
stant weight codes are unique up to replica-
tion.

We want integral coefficients: clear denomina-
tors, factor out greatest common divisors. All
other integral solutions are integral multiples.

Warning: some coefficients may be negative.

A code is classical if all coefficients are posi-
tive.



Existence

T his requires case by case analysis for different
weight functions. But, the uniqueness theorem
allows us to ‘'guess and check.”

Recall R=7Z/NZ, N = pglng . ,plﬁz

~Y : ) ki,'
M = sl @), (Z/p]2)™ (kg > 0)



Hamming case

Theorem 4 Set K; = Z?izl k; ;. For every
nonzero A € Mt assign the multiplicity

K;—1
nN= I (1-p" 7).
)\Gp%Mﬂ
T he resulting virtual linear code has constant

Hamming weight
[

L= M| ] (1 - 1/p).

1 =1

Corollary 5 An R-module M underlies a clas-
sical linear code of constant Hamming weight
only in the following circumstances:

e N =p, a prime, in which case n(\) = 1 for
all nonzero \ € M*, (Bonisoli), or

e M is free of rank 1.



Lee Case

Theorem 6 For nonzero A € Mt set

nN= I (1-p""7).

This yields constant Lee weight

L=(N/a) M I @-1/pp).
i p; odd

Corollary 7 An R-module M underlies a clas-
sical linear code of constant Lee weight only
in the following circumstances:

e N =1p, a prime, M arbitrary, in which case
n(\) = 1 for all nonzero \ € M¥.

o N =200, M arbitrary, n(\) = 1: Carlet.

e N arbitrary, but M restricted by K; < 2, for
all = with p; odd.



Euclidean case

Theorem 8 Virtual linear codes of constant
Euclidean weight L have multiplicities as fol-
lows.

e N odd: (same as Lee case)

nN= [I (1-p"77).
D; odd:
)\Epij\fjj

L=(N?/12)|M| [[ @-1/p}).
i p; odd

o N = 200:

v(A)
) = Y 28,

1=0

L = 220072 | M| = (N?/4) |M]|.



e N even, but not a 2-power:

V(A) / R
() = (Z 2) I (1-#"72).
)\Epil\ﬂ:t

L=?/4) M [ @-1/p).
i p; odd

The e;,e; depend on the kg ;, and v(\) mea-
sures the 2-divisibility of .



Corollary 9 Over R=7/NZ, an R-module M
underlies a classical linear code of constant

Euclidean weight only in the following circum-
stances:

e N =1p, a prime, M arbitrary, in which case
n(\) = 1 for all nonzero A € M?.

o N =200 M arbitrary.

e N arbitrary, but M restricted by K; < 2, for
all + with p; odd.



7,/67Z, example
M = 7/6Z & (Z/32)? = 7./27 & (Z/3Z)3
Columns look like transpose of (x,2x%,2x).

Multiplicities of nonzero functionals:

Type Form + H L E

3M* (3,0,0) 1 -8 -2 -2
2 M*F (2%,2%,2%x) 26 0 1 2
Rest (odd,2%,2%) 26 1 1 1

Weight 18 72 216



