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Over �nite �elds, any linear code with constant Hamming weight is a replication
of simplex (i.e., dual Hamming) codes [1]. Recently, Carlet [2] proved a similar result
for linear codes of constant Lee weight over Z=(2k). In this short paper we prove the
existence of linear codes of constant Euclidean weight over Z=(2k).

Throughout this paper, the ground ring will be R = Z=(2k). A linear code of length n
is a submodule of Rn, and it will be viewed as an underlying �nite R-moduleM equipped
with a linear embedding � : M ! Rn given by n coordinate functionals �1; : : : ; �n 2
M ] := HomR(M;R). Taking representatives satisfying �2k�1 < t � 2k�1, the Euclidean

weight of t 2 R is w(t) = t2 2 Z. The Euclidean weight of x 2M is w(x) =
P

w(�i(x)) 2
Z. A linear code has constant Euclidean weight L > 0 if w(x) = L for all nonzero x 2M .

Any �nite R-module M determines nonnegative integers l1; l2; : : : ; lk so that

M �=

kM
i=1

�
Z=(2i)

�li ;(1)

as R-modules. Set e0 = 1 and ei = l1 + 2l2 + � � � + (i � 1)li�1 + i(li + � � � + lk) � i, for
1 � i � k. The R-module M ] admits a �ltration (its upper Loewy chain)

M ] � 2M ] � 4M ] � � � � � 2k�1M ] � 2kM ] = 0:(2)

For � 2M ], let �(�) be the largest exponent such that � 2 2�(�)M ].

Theorem. Let M be any module over R = Z=(2k) of the form (1), with lk � 1. As

coordinate functionals, use every nonzero linear functional � 2M ], with multiplicity

m�(�) =

�(�)X
i=0

2ei:

Then this linear code has cardinality, length, and constant Euclidean weight given by

jM j = 2l1+2l2+���+klk ; n =
jM j

2k�1
�
3 � 2k�1 � 1

�
�mk�1; and L = 22k�2jM j:

Proof. First note that since we assume lk � 1, 2k divides jM j, and n is an integer.
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( )

w(x) =
X
�2M]

m�(�)w(�(x)) =
k�1X
j=0

2ej
X

�22jM]

w(�(x)):(3)

Now consider the linear functional �x : 2jM ] ! R, � 7! �(x). Suppose x has order 2i.
If i � j, the functional �x is zero. When i > j, the image im(�x) = �x(2jM ]) = (2k�i+j),
with jim(�x)j = 2i�j. In the latter case, every r 2 im(�x) is hit equally often by �x, namely

jker(�x)j =
j2jM ]j

jim(�x)j
= 2lj+1+2lj+2+���+(k�j)lk�i+j

times. It is straight forward to show that, for Euclidean weight,

3
X
r2(2�)

w(r) = 2k+��1
�
22k�2��1 + 1

�
:(4)

Remembering that x has order 2i and using � = k � i + j in (4), we conclude that

3
X

�22jM]

w(�(x)) =

(
0; i � j;

2lj+1+2lj+2+���+(k�j)lk (1 + 2�2i+2j+1) 22k�2; i > j:

This last expression allows us to rewrite (3) as

3w(x) =
i�1X
j=0

2ej+lj+1+2lj+2+���+(k�j)lk
�
1 + 2�2i+2j+1

�
22k�2:(5)

Observe that the complicated exponent in (5) simpli�es to

ej + lj+1 + 2lj+2 + � � �+ (k � j)lk =

(
1 +
Pk

q=1 qlq; j = 0;

�j +
Pk

q=1 qlq; j > 0:

Since log2jM j =
Pk

q=1 qlq, (5) simpli�es to

3w(x) = 2jM j
�
1 + 2�2i+1

�
22k�2 +

i�1X
j=1

jM j 2�j
�
1 + 2�2i+2j+1

�
22k�2:

By summing the geometric series and simplifying, we obtain the constant weight

w(x) = 22k�2jM j:

The remaining claims of the theorem can be veri�ed easily.

Remark. It can also be proved that the above is essentially the only way to obtain
linear codes of constant Euclidean weight over Z=(2k). Up to code equivalence (permu-
tations and sign changes of the �i) and padding with zeros, every linear code on M of
constant Euclidean weight is a replication of the one in the Theorem. (If the multiplic-
ities mi are not relatively prime, �rst scale them by their GCD. This gives a \minimal
model.") This result will appear in subsequent work of the author.
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