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For which rings R and weight functions w on
R does the extension theorem of MacWilliams
hold?

Summary of concepts

Summary of earlier results

Case of matrix rings over finite fields



Linear codes over finite rings

Let R be a finite ring with 1. (Later: R =
Mp(Fy).) Let U be the group of units of R.

A (left) linear code C over R of length n is a
(left) submodule C C R".

A weight function on R is a function w : R —
C satisfying w(0) = 0. One extends w to a

function w: R" — C, w(x) = X1 w(x;).

Two symmetry groups:

G
Gy

{ueld:w(ur) =w(r),r € R},
{vel: wlkv) =w(r),r € R}.



Extension property

A ring R with weight function w has the exten-
sion property if the following condition holds
for every submodule W C R™ and every injec-
tive linear transformation f : W — R™ if f
preserves w (i.e., w(f(x)) = w(x), all z € W),
then f extends to a right Gr-monomial trans-
formation of R™.

Right Gr-monomial transformation:

f(:Bl, “ e ,a:n) — (aza(l)ul, “ .. ,aza(n)un),

with u; € Gr and o a permutation of {1,2,...,n}.



Summary of earlier results

The extension property holds in the following
situations.

Hamming weight: finite fields (MacWilliams;
Bogart, Goldberg, Gordon; Ward, W.), finite
Frobenius rings (W; Greferath, Schmidt).

Homogeneous weights: integer residue rings
Z,/mZ (Constantinescu, Heise, Honold), finite
commutative chain rings (W), finite Frobenius
rings (Greferath, Schmidt).

Symmetrized weight compositions: finite fields
(Goldberg), finite Frobenius rings (W.). Fix a
subgroup U Cc U (later: U = Gy); r ~ s, |if
r=su, someucU. Forz € R"*, r € R,

SWCr(x) = [{i : x; ~ 1}



General situation

Finite ring R with weight function w and sym-
metry groups Gy, Gr. Elementary manipula-
tions vield

w(tz) =) w(ts)swcs(z), (1)
where the sum is over the non-zero ~-equivalence

classes (i.e., R/Gr minus zero). Note that
w(tx) involves the Gj-class only of t.

For fixed x € R™, (1) can be viewed as a linear
transformation from a vector space of dimen-
sion |R/Gr| — 1 to one of dimension |R/G;| — 1,
represented by a (|R/Gj|—1) x (|R/Gr|—1) ma-
trix A with (¢,s)-entry equal to w(ts). (Note
that ¢, s are multiplied here.)

Theorem (W., 1997) Let R be a finite Frobe-
nius ring with weight function w. If the matrix
A above has trivial kernel, then the extension
property holds for w.

Proof. Use (1) and the extension property for
swc. L[]



The example of matrix rings

Let R = Mu(Fy). Fix an n-dimensional vector
space V over Fq, and view R = End]Fq(V) =
Homg (V, V).

Assume the symmetry groups Gy, G are as large
as possible; i.e., Gy = G = GLp(Fy).

Right GLy-orbits correspond to all f : V —
V with a fixed subspace as range. Left GLj-
orbits correspond to all f:V — V with a fixed
subspace as kernel.

Proposition IfG;= G, = GLn(Fy), then w(P),
P e My(F,), depends only on the rank of P.

Proof. Suppose P, () have the same rank. One
can find invertible matrices Uj,U> such that
Q — U1PU2. Then w(P) = w(Q) []

So, w(P) = w(rank(P)). Write wg = 0, wq,...,wn
for the values of w, indexed by the rank.



Form of matrix A

Rows and columns of A are parameterized by
non-zero subspaces of V.. The entry in row W1,
column Wy is w(rank(PQ)), where ker P = Wi-
and range Q = W». One verifies that

rank(PQ) = dim Wo — dim(Wi- N Wa).

Example. R = M>(F>). The space V (dimen-
sion 2) has four non-zero subspaces: V itself,
and three lines.

w2 w1 w1 wj
w1 w1 0 wq
wy 0 wqp wy
wy wyp wy; O

One verifies that det A = w3 (3w — 2w,).

In general, we can factor det A into linear ex-
pressions.



Factoring det A

Theorem For R = Mu(F,),

n

l m(m—1 [
detA=c[] (Z (—1)m[7ln] q(z)wm) l
m=1 q

=1
where
[ a ] _ (1 —g®(1 - qa—l) (1 — qa—b—|—1)
bl A=A -¢ (19

is the g-binomial coefficient.

Corollary R = My(Fy), w with G = G, =
GLn(Fq), satisfy the extension property if and
only if

l
l m(m—1)
R == ) (—1)m[m] g 2 wm#0,
q

m=1

foralll=1,2,...,n.



Examples:

R1 = wy;
Ry = (¢4 1)wy — quo;
Rz = (¢*+q¢+Duw

—q(¢° + q¢ + Dws + ¢Cws.



Idea of proof

View A as a linear transformation. Input and
output vectors are indexed by non-zero sub-
spaces of V. By assuming R; = 0, we write

down [7’] linearly independent solutions of
q

[ ! ]

[

Ax = 0. We conclude that R, 1 divides
det A.

In order to write down those solutions, we as-
sume a certain format—in part, that the input
vectors depend only on the dimension of the
indexing subspace and that entries for dimen-
sions > [ vanish. By carefully adjusting the
constants in the input vector, we get the de-
sired solutions.



To verify the solutions, the Cauchy Binomial
Theorem is used:

[T @ +yd)= > ymgmimth)/2 [ " ] .
q

k=1 m=0 m



Example of R = M5»(F5)

wo w1 wi Wi
w1 w1 0 wq
wy 0 wqp wy
wy wyp wy; O

| = 1: input vector z = (0,b,0,0)t, b # 0.
Az = (w1b,w1b, 0,w1b)?, which equals 0 if wy =
0. Similarly for = (0,0,b,0)* or (0,0,0,b)?.
There are three independent solutions of Ax =
O, it w1 — 0.

[ =2: Now use = = (bQ,bl,bl,b1>t.

Az = (wobs 4+ 3w1by, w1(b + 2b1),
w1 (b2 + 2b1), w1 (b2 4 2b1))".
Take b = —2b1 to kill the last three entries.

Then the first entry is (—2w> + 3wq)by, which
vanishes if 3w, — 2wo = 0.

det A = w‘;’(3w1 — 2w»y).



In general, we fix a subspace W of dimension
[ in V and set input vector

w_wy )0 UgZW,
v = (2 )U_{bi, UCW,dmU =i.

By setting b; = (—1)%*(:=1)/2 we get most of
the entries of Az to vanish (by Cauchy). By
assuming R; = 0, the remaining entries vanish,
too. Thus we get one solution zV for Az =0
(if Ry = 0) for each subspace W of dimension

[. There are [7] such subspaces.
q



Hamming weight

What if wi =wp = - =w, =17

l
m l mym—
R = > (-1) [m] gm(m=1)/2
m=1 q
, i
[ m(m—
= -1+ > (™| | TR
m=0 ; lq
l o
m l mim —m
= -1+ > (-1D)™| | 4q (m+1)/24
m=0 . lq
= _1+ i <_l>m[ l ] gm(m+1)/2
m=0 q m q
= —14+0=-1,

by Cauchy.



