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Abstract. Various forms of the extension problem are discussed for
linear codes de�ned over �nite rings. The extension theorem for sym-
metrized weight compositions over �nite Frobenius rings is proved. As a
consequence, an extension theorem for weight functions over certain �-
nite commutative rings is also proved. The proofs make use of the linear
independence of characters as well as the linear independence of charac-
ters averaged over the orbits of a group action.

1 Introduction

Witt [14] and Arf [1] were among the �rst mathematicians to prove extension
theorems in algebra. If V is a �nite dimensional vector space over a �eld and if
V is equipped with a non-degenerate quadratic form Q, then for any subspace
W � V , Arf proved that every injective linear transformation f :W ! V which
preserves Q extends to a linear automorphism of V which preserves Q.

MacWilliams was the �rst mathematician to prove an extension theorem in
coding theory [9], [10]. If V is a �nite dimensional vector space over a �nite �eld,
then a choice of basis determines the Hamming weight on V . For any subspace
W � V and any (injective) linear transformation f : W ! V which preserves
Hamming weight, MacWilliams proved that f extends to a linear automorphism
of V which preserves Hamming weight; i.e., the extension of f is a monomial
transformation. This theorem became the cornerstone of the idea of equivalence
of codes.

There have been other proofs of this extension theorem of MacWilliams, for
example [3], [6], [13]. Motivated by the increased interest in linear codes de�ned
over �nite rings sparked by the famous ZZ=4-paper [8], the author proved the
extension theorem for Hamming weight over �nite Frobenius rings [15].

All the results mentioned above deal with the Hamming weight. Other weight
functions such as the Lee weight are also important in coding theory. The au-
thor's ultimate goal is to prove an extension theorem for weight functions over
�nite rings in as general a context as possible. In very broad terms, here is
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what an extension problem is: Suppose we are given a �nite ring R and some
notion of weight w on Rn; regard w as a function de�ned on Rn. For every sub-
module C in Rn and every injective linear homomorphism f : C ! Rn which
preserves w, is it the case that f extends to a linear automorphism of Rn which

preserves w? This paper presents extension theorems for symmetrized weight
compositions over �nite Frobenius rings and for weight functions over certain
�nite commutative rings, those which are local principal ideal rings.

As was done in [13] and [15], characters will be used to prove the exten-
sion theorem for symmetrized weight compositions. In particular, an averaging
process will be applied to characters in order to handle any symmetry present.
Goldberg [7] has proved this form of the extension theorem over �nite �elds. His
proof used the methods developed in [3].

As an application of this extension theorem for symmetrized weight compo-
sitions, we will prove a special case of the extension theorem for weight functions
over �nite commutative local principal ideal rings. This class of rings includes
the �nite �elds, ZZ=pn for p prime, and Galois rings. In particular, ZZ=4, the ring
investigated in [8], is included. The theorem itself is not the best possible. The
author has more general results, but they require additional techniques which
are better developed in a separate paper (see [16]). This extension theorem com-
plements the extension theorem for homogeneous weight functions over ZZ=m
proved by Constantinescu, Heise, and Honold [4]. In addition we state a crite-
rion for solving the extension problem over more general rings. At present, this
criterion seems to be too general to be very useful.

2 Hamming Weight

Conventions. All rings R will be �nite and associative with 1. We let U be the
group of units of R. Since R is �nite, all units in R are necessarily two-sided.
The 1-dimensional torus T is the multiplicative group of unit complex numbers;
the complex conjugate of z is z. We denote by jSj the number of elements in a
�nite set S. The ring of integers modulo m will be denoted by ZZ=m.

This section serves the purpose of reviewing notation and summarizing what
is known about the extension theorem for the Hamming weight. Refer to [15] for
further details.

Let R be a ring and let Rn be the free R-module of rank n consisting of
all n-tuples of elements from R. A right linear code C is a right submodule of
Rn. The complete weight composition of an element x = (x1; : : : ; xn) 2 Rn is a
function n : Rn �R! ZZ given by

nr(x) = jfi : xi = rgj ; x 2 Rn; r 2 R : (1)

That is, nr(x) counts the number of components of x which equal the ring
element r 2 R. The Hamming weight wt(x) of x 2 Rn is given by wt(x) =P
r 6=0 nr(x); it counts the number of non-zero components of x.



A right linear automorphism f : Rn ! Rn is a right monomial transforma-

tion if there exist units u1; : : : ; un 2 U and a permutation � of f1; 2; : : : ; ng such
that

f(x1; : : : ; xn) = (u1x�(1); : : : ; unx�(n)); (x1; : : : ; xn) 2 R
n : (2)

If U is a subgroup of U and u1; : : : ; un 2 U , we say that f is a U -monomial

transformation.
We also make use of some additional structure which is discussed at length

in [15]. The character group bR = HomZZ(R;T) consists of all characters on R,

i.e., group homomorphisms from R to T. In fact, bR is a bimodule over R, via
the scalar multiplications (r�)(x) = �(xr) and �r(x) = �(rx). The ring R is

a Frobenius ring if bR is isomorphic to R as one-sided modules. In that case,
there exists a generating character � on R with the property that r 7! �r is a
right linear isomorphism from R to bR. Examples of Frobenius rings include �nite
�elds, ZZ=m, and Galois rings. The class of Frobenius rings is closed under forming
�nite direct sums, under forming matrix rings (R Mn(R)), and under forming
�nite group rings (R R[G]). If the ring is also commutative, being Frobenius
is equivalent to being quasi-Frobenius (i.e., self-injective) or Gorenstein.

The next theorem summarizes the extension theorem for Hamming weight.
The proof is in [15], Theorem 6.1.

Theorem 1. (i) Suppose f : Rn ! Rn is a right linear automorphism of Rn.
Then f preserves wt, i.e., wt(f(x)) = wt(x) for all x 2 Rn, if and only if f is

a right monomial transformation.

(ii) Assume R is Frobenius. Suppose C is a right linear code in Rn and

f : C ! Rn is any injective linear homomorphism which preserves wt. Then f
extends to a right monomial transformation on Rn.

Observe that the injectivity of f follows from weight preservation. Indeed,
the zero vector is the only vector satisfying wt(x) = 0.

Remark 2. In case the ring R is commutative, there is a converse to part (ii) of
Theorem 1. That is, if every weight-preserving f : C ! Rn extends to a mono-
mial transformation, then R is necessarily a Frobenius ring ([15], Theorem 6.2).

Consider the non-Frobenius ring R = IF2[X;Y ]=(X
2; XY; Y 2), with C = (X)

and f : C ! R given by f(X) = Y . This f preserves Hamming weight, but it
does not extend to a monomial transformation.

3 Weight Compositions

In this section we discuss the extension problem for symmetrized weight com-
positions. The extension theorem for symmetrized weight compositions, which
we prove in Sect. 5, will be useful in proving the extension theorems for weight
functions that occur in later sections.

We will encode symmetry into coding theory by means of a subgroup U � U
of the group of units of R; this approach is suggested by [2], pp. 33{34. Left



multiplication by u 2 U , r 7! ur, de�nes a left action of the group U on R;
in fact, each u 2 U acts as an additive automorphism of R. We write r � s if
s = ur for some u 2 U ; � is an equivalence relation. The orbit of r under U is

orb(r) = fs 2 R : s � rg :

The symmetrized weight composition determined by the subgroup U is the func-
tion swc : Rn � R! ZZ given by

swcr(x) =
X

s2orb(r)

ns(x) ;

the complete weight composition nr(x) was de�ned in (1). If s 2 orb(r), then
swcs = swcr. The integers swcr(x) are the exponents which appear in sym-
metrized weight enumerators (e.g., [5], p. 35). We emphasize that the sym-
metrized weight composition swc depends on the choice of subgroup U .

We now assume that R is equipped with the symmetrized weight composition
swc arising from a subgroup U � U .

Proposition 3. Let f : Rn ! Rn be a right linear automorphism. Then f
preserves swc, i.e., swcr(f(x)) = swcr(x), for all x 2 Rn, r 2 R, if and only if

f is a U-monomial transformation.

Proof. \If": obvious. \Only if": Consider x = ei = (0; : : : ; 1; : : : ; 0), the vector
with a single 1, in position i. Then the preservation of swc forces f(ei) to have
exactly one non-zero component, and this component must be in orb(1). That
means the non-zero component is an element of U . Since f was assumed to be
an automorphism, it is now clear that f is a U -monomial transformation. ut

Here is the extension problem which we address in Sect. 5.

Extension Problem. Suppose C � Rn is a right linear code and f : C ! Rn

is an injective right linear homomorphism which preserves swc. Does f extend

to a U-monomial transformation on Rn?

Since x = 0 is the only element in Rn for which swcr(x) = 0 for all r 2 R,
any f which preserves swc is automatically injective.

Remark 4. It is relatively easy to show that an f which preserves swc extends
to a U-monomial transformation. Indeed, since f preserves swc, f also preserves
the Hamming weight wt =

P
r 6=0

1
jorb(r)jswcr. By Theorem 1, f extends to a

U-monomial transformation on Rn.
At this point one is tempted to apply Proposition 3 in order to conclude

that f is actually a U -monomial transformation. Alas, while we know that f
preserves swc on the linear code C, we do not know that its extension preserves
swc on all of Rn.



4 Averaging Characters over Orbits

This section begins by reviewing some facts about characters on �nite abelian
groups. Then an averaging process is discussed. Proofs of standard results are
omitted. The reader is referred to Serre's books, [11], [12], for more details.

Let G be a �nite abelian group, written with additive notation. A character

on G is a group homomorphism � : G! T. The collection bG = HomZZ(G;T) of
all characters on G is itself a �nite abelian group under pointwise multiplication.
The inverse of � 2 bG is �(x) = �(x), the complex conjugate of �. A standard
fact that will be used in Sect. 5 is

Lemma 5. X
�2 bG

�(x) =

�
jGj ; x = 0 ;
0; x 6= 0 :

Let F = ff : G! Cg be the vector space of all complex-valued functions on
G; dimC F = jGj. We equip F with a positive de�nite hermitian inner product

hf; gi =
1

jGj

X
x2G

f(x) g(x) :

Another standard result is

Lemma 6. The characters of G form an orthonormal basis for F with respect

to h; i. In particular, the characters are linearly independent.

We now introduce some symmetry by �xing a subgroup U of the automor-
phism group of G. View U as acting on G on the left, with an element u 2 U
being an automorphism u : x 7! ux = u(x) of G. Denote the orbit of x 2 G by

orb(x) = fux : u 2 Ug :

The left action of U onG induces a right action of U on F , written u : f 7! fu,
where fu(x) = f(ux). The �xed points of this latter action are the U -invariant
functions

FU = ff 2 F : f(ux) = f(x); u 2 U; x 2 Gg ;

the U -invariant functions are constant on any orbit of U . Being a vector subspace
of F , FU inherits the inner product h; i. We now de�ne a projection P : F ! FU ,
as follows. For f 2 F ,

(Pf)(x) =
1

jorb(x)j

X
y2orb(x)

f(y) =
1

jU j

X
u2U

f(ux)

=
1

jU j

X
u2U

fu(x) =
1

jorb(f)j

X
g2orb(f)

g(x) :

It is easy to verify that P is indeed a linear projection, i.e., P �P = P . However,
P is not an orthogonal projection.



Lemma 7. If g = fu for some u 2 U , then Pg = Pf .

Proof. Pf is the average of the functions in orb(f). But orb(g) = orb(f), since
g = fu. ut

Proposition 8. Suppose �;  are two characters on G. Then  = �u, for some

u 2 U , if and only if P = P�.

Proof. The \only if" direction is part of Lemma 7. For the \if" direction, suppose
P = P�. Then X

u2U

 u =
X
v2U

�v :

But all the functions  u; �v are still characters on G, since U acts as auto-
morphisms of G. The linear independence of characters, Lemma 6, now implies
 = �v , for some v 2 U . ut

As long as we discard duplicates, the P�'s are linearly independent, too, as
we see next.

Theorem 9. Discarding duplicates, the distinct P�'s form an orthogonal system

in FU . In particular, they are linearly independent.

Proof. Suppose P 6= P�. Then

jU j
2
hP ; P�i = h

X
u2U

 u;
X
v2U

�vi =
X
u;v

h u; �vi :

But each h u; �vi = 0, by Lemma 6, because  u, �v are distinct characters. ut

Note that hP�; P�i = 1= jU j. The distinct P� actually form a basis for FU ,
but we will not need this fact.

5 Extension Theorem

In this section the extension theorem for symmetrized weight compositions is
proved. Strong use is made of the linear independence of characters and of av-
eraged characters.

Let R be a ring, and let U be a subgroup of the group U of units of R. If we
view the additive group of R as a �nite abelian group G, then left multiplication
by u 2 U de�nes an automorphism of G. Thus we �nd ourselves in the situation
discussed in Sect. 4.

Theorem 10. Suppose that R is a �nite Frobenius ring and that C � Rn is

a right linear code. Fix a subgroup U of the group of units of R, which gives

rise to a symmetrized weight composition swc. Then any injective right linear

homomorphism f : C ! Rn which preserves swc extends to a right U -monomial

transformation.



Proof. View the inclusion C � Rn as a right linear homomorphism � : C ! Rn;
the components of � = (�1; : : : ; �n) are right linear functionals on C. Similarly,
let � = (�1; : : : ; �n) = f � �. Our goal is to show that �i = ui��(i) for some
permutation � of f1; 2; : : : ; ng and units u1; : : : ; un 2 U . The strategy is to write
the weight preservation equation swcr(�(x)) = swcr(�(x)) as an equation of
characters and averaged characters on C.

Lemma 5 implies that

nr(x) =
1

jRj

nX
i=1

X
�2 bR

�(xi � r) =
1

jRj

nX
i=1

X
�2 bR

�(xi)�(r) :

A little manipulation then shows that

swcr(x) =
jorb(r)j

jRj

X
�2bR

 
nX
i=1

�(xi)

!
(P�)(r) :

The weight preservation equation swcr(�(x)) = swcr(�(x)), x 2 C, r 2 R, can
now be written as

X
�2bR

 
nX
i=1

�(�i(x))

!
(P�)(r) =

X
�2bR

0@ nX
j=1

�(�j(x))

1A (P�)(r) ; (3)

for all x 2 C, r 2 R. For �xed x 2 C, (3) is an equation of U -invariant functions
on R. The linear independence of averaged characters, Theorem 9, together with
Proposition 8, now implies that for every � 2 bR, we have the following equation
of characters on C:

nX
i=1

X
 2orb(�)

 � �i =
nX
j=1

X
�2orb(�)

� � �j : (4)

Since R is assumed to be a Frobenius ring, it has a generating character
�. In particular, (4) holds for � = �. Considering i = 1 and  = � on the
left side of (4), the linear independence of characters on C, Lemma 6, implies
the existence of � 2 orb(�) and j = �(1) such that � � �1 = � � ��(1). But
� 2 orb(�) means � = �u1 for some u1 2 U , so that � � �1 = � � u1��(1).
An important injectivity property of generating characters ([15], Corollary 4.15)
then implies that �1 = u1��(1). A re-indexing argument proves the equality of
the corresponding inner sums in (4):

P
 2orb(�)  � �1 =

P
�2orb(�) � � ��(1).

This allows us to reduce by one the size of the outer sums in (4). We proceed by
induction to obtain units u1; : : : ; un 2 U and a permutation � of f1; 2; : : : ; ng
with �i = ui��(i), as desired. ut

6 Weight Functions: Generalities

In this section we describe some general properties of weight functions over �nite
rings.



Let R be a ring. A weight function w on Rn is any function w : Rn ! C of
the form

w(x) =
X
r2R

arnr(x) ;

where ar 2 C and a0 = 0. It is usually the case that the ar are non-negative real
numbers, if not non-negative integers. But one could just as well assume that
the ar belong to some complex vector space or even a torsion-free abelian group.
Having ar 2 C seems to be an appropriate level of generality for this paper.

Examples of weight functions include the Hamming weight, which is obtained
if ar = 1 for r 6= 0. If ZZ=m is viewed as the integers satisfying �m=2 < r � m=2,
then the Lee weight has ar = jrj. It is evident that the Lee weight has a ZZ=2-
symmetry.

More generally, for any weight function w =
P
arnr, let

U = fu 2 U : aur = ar; r 2 Rg :

We refer to U as the symmetry group of the weight function w. View the ar as
a function a : R ! C, i.e., a 2 F , as in Sect. 4. Then the symmetry group U is
just the stabilizer subgroup of a for the right action of U on F .

Proposition 11. Suppose w is a weight function on Rn with symmetry group

U , and suppose f : Rn ! Rn is a right monomial transformation of Rn. Then
f preserves w if and only if f is a U-monomial transformation.

Proof. Notice that w(x) can we written as w(x) =
Pn

i=1 axi . Express f in the no-
tation of (2). If f is a U -monomial transformation, then w(f(x)) =

P
auix�(i) =P

ax�(i) , because U is the symmetry group of w and ui 2 U . Since � is a per-
mutation, the last sum equals

P
axi = w(x), and f preserves w.

For the converse, let ei = (0; : : : ; 1; : : : ; 0) 2 Rn have a single 1, in position
i. Then, for any r 2 R, w(eir) = ar, while w(f(eir)) = auir. If f preserves w,
then auir = ar for all r 2 R. Thus the units ui from (2) belong to the symmetry
group U . ut

Extension Problem. Suppose w is a weight function on Rn with symmetry

group U . Let C be an arbitrary right linear code in Rn and let f : C ! Rn

be an injective right linear homomorphism which preserves w. What conditions

guarantee that any such f extends to a U-monomial transformation of Rn?

We now make some general comments on reducing the extension problem for
weight functions to Theorem 10. As above, suppose R is a ring equipped with
a weight function w having symmetry group U . Then U de�nes a symmetrized
weight composition swc. Let UnR denote the set of all U -orbits in R. For any
orb(r) 2 UnR, the values ar and swcr(x) depend only on the orbit orb(r), not on
the particular representative r. One then calculates that for any t 2 R, x 2 Rn,

w(xt) =
X

orb(r)2UnR

art swcr(x) :



Since a0 = 0, the zero orbit orb(0) can be dropped from the summation.
Let W = W (x) be the row vector of length jRj � 1 given by Wt(x) =

w(f(xt)) � w(xt) for non-zero t 2 R. Then f preserves w if and only if W = 0
for all x. Similarly, let � = �(x) be a row vector of length jUnRj � 1 with
�r = swcr(f(x)) � swcr(x) for all non-zero orbits orb(r) 2 UnR. Clearly f pre-
serves swc if and only if � = 0 for all x. Finally, let A be the matrix of size
(jUnRj�1)� (jRj�1) with Ar;t = art. The calculation above says that W = �A
for all x 2 Rn.

Proposition 12. Suppose the weight function w has the property that the matrix

A has maximal rank jUnRj � 1. Then every f : C ! Rn which preserves w
extends to a U -monomial transformation.

Proof. Use the equation W = �A. If f preserves w, then W = 0. Now � = 0,
since A has full rank. Thus f preserves swc, and f extends by Theorem 10. ut

This very general criterion is of limited usefulness because it is hard to give
convenient conditions on the ar which will imply that A has maximal rank.
When the ring R has extra structure, we can sometimes �nd such conditions, as
we will see in Sect. 7.

Remark 13. When the ring R is commutative, we observe that the value of
w(xt) depends only on orb(t). This allows us to throw away repeated columns
in the matrix A above. The resulting matrix A0 is square of size jUnRj � 1. The
extension problem for w is then solvable if the matrix A0 is invertible.

7 Weight Functions: Speci�cs

As an application of the extension theorem for symmetrized weight compositions,
we solve a special case of the extension problem for weight functions over certain
�nite commutative rings.

Here are the extra hypotheses we will need. The ring R is assumed to be
commutative and local, with unique maximal ideal m. We assume that m is a
principal ideal, say m = Rm. Finally, we assume that R is equipped with a
weight function w whose symmetry group U equals U , the full group of units.
The author can also solve the cases for arbitrary U , but techniques beyond the
scope of this paper are required (see [16]).

Examples of rings satisfying these assumptions include �nite �elds, ZZ=pl for
a prime p, and Galois rings.

Lemma 14. Let (R;m) be a commutative local ring. Suppose m is a principal

ideal, m = Rm. Then the following hold.

1. There exists an l � 0 such that ml 6= 0, but ml+j = 0 for all j � 1.
2. Each ideal mi is principal with mi = R(mi).
3. Every ideal in R is equal to one of the mi, i = 0; : : : ; l.
4. R is Frobenius.



Proof. Being �nite, the ring R is artinian. Thus the descending chain of ideals
R = m0 � m � m2 � � � � eventually stabilizes. Let ml+1 = ml+2 be the �rst time
equality holds. Nakayama's Lemma now implies that ml+1 = 0.

It is clear that mi 2 mi. On the other hand, any element of mi equals a sum
of terms of the form (r1m) � � � (rim) = rmi 2 R(mi). Thus mi = R(mi).

Any ideal B in R is �nite, and each element b 2 B de�nes an integer i(b)
such that b 2 mi(b) but b 62 mi(b)+1. If we set i = minfi(b) : b 2 Bg, then B = mi.
Indeed, the containment B � mi is clear. For the other containment, let b 2 B
have i(b) = i. Then b 2 mi, so that b = rmi for some r 2 R. If r 2 m, then
b 2 mi+1, contradicting i(b) = i. Thus r 2 U , since U is the complement of m in
a local ring. But then mi = r�1b 2 B, so that mi � B.

Being commutative, the ring R is Frobenius if it is quasi-Frobenius. The
latter happens if and only if the socle S(R) = ann(m) is simple. It is clear that
ann(m) = ml. Since ml = R(ml), it follows that ml has dimension 1 as a vector
space over the residue �eld k = R=m. Thus ml is simple. The reader is referred
to [15], Remark 2.4, for more details. ut

Before we state our next result, some notation is desirable. Remember that
we are assuming U = U . Decompose R into U-orbits, which we denote as Oi =
orb(mi), i = 0; 1; : : : ; l. Then O0 = U and Ol+1 = f0g. The key computation is
isolated as a lemma.

Lemma 15. Let Ci;j = jOij = jOi+j j. Then, for every i = 0; 1; : : : ; l,

X
r2Oi

w(rx) =

l�iX
j=0

Ci;j

0@ X
s2Oi+j

as

1A0@X
t2Oj

nt(x)

1A :

Proof. Take any component xk of x, and set t = xk . Then t 2 Oj for some j. If
j > l � i, then rt = 0 for any r 2 Oi. As a0 = 0, this component xk makes no
contribution to w(rx).

Now suppose j � l � i. Then rt 2 Oi+j for any r 2 Oi. As r varies over Oi,
rt varies over Oi+j with multiplicity jOij = jOi+j j = Ci;j . Thus this component

xk = t 2 Oj contributes a coe�cient of Ci;j

�P
s2Oi+j

as

�
to
P
r2Oi

w(rx), as

desired. ut

Theorem 16. Let R be a commutative local ring whose maximal ideal m is

principal. Suppose the weight function w(x) =
P
r2R arnr(x) on Rn satis�esP

r2Ol
ar 6= 0. Suppose C is a linear code in Rn and f : C ! Rn is an injective

linear homomorphism which preserves w. Then f extends to a monomial trans-

formation on Rn. In particular, the extension problem is solved for any w whose

symmetry group U equals U .

Proof. By Lemma 14, the ring R is Frobenius. Let U = U be the full group of
units of R. Observe that swcmj (x) =

P
t2Oj

nt(x).



De�ne two row vectors W =W (x); � = �(x) of length l + 1 by

Wi =
X

r2Ol�i

(w(rf(x)) � w(rx)) ; �i = swcmi(f(x))� swcmi(x) ;

for i = 0; 1; : : : ; l. Notice the \reverse" ordering on W . Then Lemma 15 says
that W = �A, where A is an upper triangular matrix with

P
s2Ol

as 6= 0 on the
main diagonal. Since f preserves w, W = 0. Then � = 0, as A is invertible. Thus
f preserves swc, and the theorem follows from Theorem 10. ut

Observe two things: (i) Even if the symmetry group U of w is not U , f
as above still extends to a U-monomial transformation. For R = ZZ=pl, this
generalizes the extension theorem of [4]; on the other hand, the result in [4]
applies to the non-local rings ZZ=m as well. (ii) If the ar are positive real numbers,
as is often the case, then the condition

P
r2Ol

ar 6= 0 is automatic.

Corollary 17. Let R be a commutative local ring whose maximal ideal m is

principal. Suppose the weight function w(x) =
P
r2R arnr(x) on Rn has sym-

metry group U and satis�es
P
r2Ol

ar 6= 0. Then a linear automorphism f on

Rn preserves w if and only if f is a U-monomial transformation on Rn.

Proof. The \if" direction is part of Proposition 11. The \only if" direction follows
from applying Theorem 16 with C = Rn and then using Proposition 11 once
more. ut
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