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ABSTRACT. An extension theorem for general weight functions is proved over
finite chain rings. The structure of the complex semigroup ring associated to
the multiplicative semigroup of the ring plays a prominent role in the proof.

1. Background

In her doctoral dissertation, MacWilliams [7], [8] proved an equivalence theo-
rem: two linear codes C7,Cs C F" defined over a finite field F are equivalent up to
monomial transformations if and only if there is a linear isomorphism f : C; — Cs
which preserves Hamming weight. Bogart, Goldberg, and Gordon [2] gave another
proof of this theorem, and a character theoretic proof was provided by Ward and
the author [13].

Following up on the ideas in [13], the author has extended the character the-
oretic techniques to linear codes defined over finite Frobenius rings, first for the
Hamming weight [15] and then for symmetrized weight compositions [16]. In this
paper, the author treats general weight functions defined over finite chain rings,
i.e., finite commutative local principal ideal rings. Goldberg proved the extension
theorem for symmetrized weight compositions over finite fields, [5], and Constan-
tinescu, Heise, and Honold have proved an extension theorem for homogeneous
weight functions over Z /m, [4].

A word on the name of the theorem. MacWilliams’ result above is sometimes
referred to as “the equivalence theorem of MacWilliams.” I have come to prefer
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“the extension theorem of MacWilliams,” because of the similarity to the extension
theorems of Witt [14] and Arf [1] for bilinear and quadratic forms. In all these sit-
uations there is a fixed ambient space V', usually a finite dimensional vector space
over a field. The space V is equipped with an auxiliary function, a weight function
in coding theory, a bilinear or quadratic form otherwise. The linear automorphisms
of V' which preserve the auxiliary function form a group of linear isometries, of-
ten a classical group in the case of bilinear or quadratic forms, often a group of
monomial transformations in coding theory. The eztension theorem then deter-
mines conditions under which any injective linear transformation f : W — V from
a subspace W of V' which preserves the auxiliary function must in fact extend to a
linear isometry of V itself.

2. Statement of the extension problem

Fix a finite associative ring R with 1. (Later, we will impose additional hy-
potheses on R, but we will try to be as general as possible for as long as possible.)
Let R™ denote the free module consisting of n-tuples of elements from R. A right
linear code of length n is a right submodule C C R™. The complete weight compo-
sition is the function ¢ : R x R™ — Z given by

cr(@)={i:z;=r}, reR, z=(x1,...,2,) € R"
That is, the complete weight composition counts the number of entries in the n-
tuple & which equal a particular element r in R.

Choose complex numbers a,, r # 0 in R, and set ag = 0. Then the weight
function determined by the a,’s is w : R™ — C given by

w(z) = Z arcy(x), x € R"

reR
Since ag = 0, this sum is the same as the sum over r # 0.

ExAMPLE 2.1. For any ring R, choosing a, = 1 for all r # 0 yields the Ham-
ming weight.

EXAMPLE 2.2. For R = Z/k, thought of as the integers j satisfying —k/2 <
Jj < k/2, set aj = |j|. The resulting weight function is then the Lee weight. The
use of the Lee weight for linear codes over Z /4 and its connections with nonlinear
binary codes in [3], [6] has been an important motivation for the author’s work.

EXAMPLE 2.3. The Euclidean weight for R = Z/k has a; = |j|*.

Notice that the Lee and Euclidean weight functions have some symmetry:
a_; = aj. More generally, we define the symmetry group of a weight function
w by

Sym(w) ={u €U : ay, = a,, 7 € R}.

Here U denotes the group of units in R. Since R is finite, all units are necessarily
two-sided. The Lee and Euclidean weights have Sym(w) = {£1}.

Let U be a subgroup of &/. Multiplication defines a left action of U on the ring
R, with each element acting as an additive group automorphism of R; v € U defines
r +— ur. We will write r & s if r = us for some u € U. We set orb(r) = {s € R :
r & s}, the orbit of r € R under U. Of course, r & s if and only if orb(r) = orb(s).
Let U\ R be the set of U-orbits in R. If U C Sym(w), then a, = as whenever r & s,
and the value of a, depends only on orb(r) € U\R.
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The subgroup U determines a symmetrized weight composition swc by
swer(x) = [{ica mt} = > en(@)
réorb(t)
Note that sweg(z) = swee(x) if orb(s) = orb(t). Provided U C Sym(w), the weight
function w can be written as
(2.1) w(z) = Z asswee(z), x € R™.
teU\R

Let us now consider the linear automorphisms of R™ which preserve one of our
auxiliary functions: either a weight function w or a symmetrized weight composition
swc. A right linear transformation f : R™ — R™ is a right monomial transformation

if there exist a permutation o of {1,2,...,n} and units uy,us,... ,u, in R such
that

f(xly T2y >xn) = (ulma(1)7u2xo’(2)> s 7unxa(n)))
for (1,2, ... ,x,) € R™. If, in addition, the units u, .. .,u, lie in a subgroup U C

U of the group of units of R, we say that f is a right U-monomial transformation.
It is easy to verify that the right U-monomial transformations form a group under
composition; the group is isomorphic to the n-fold wreath product of U.

In [16, Proposition 2, Theorem 9], the author proved the next two results about
automorphisms which preserve a symmetrized weight composition; the second result
is the extension theorem for symmetrized weight compositions over finite Frobenius
rings. The definition of a Frobenius ring is somewhat technical (see [11] or [15]); for
finite rings it is equivalent to the character module R= Homgz (R, T) being free as a
one-sided R-module. Here, T is the multiplicative group of unit complex numbers.

PROPOSITION 2.4. Let f : R™ — R™ be a right linear automorphism. Then f
preserves swc, i.e., swce(f(x)) = swei(z), for allt € U\R, x € R"™, if and only if f
is a right U-monomial transformation.

THEOREM 2.5. Suppose R is a finite Frobenius ring, and suppose U is a sub-
group of the group of units in R. If C' C R™ is a right linear code and f : C' — R"
is an injective right linear homomorphism which preserves the symmetrized weight
composition swc, then f extends to a right U-monomial transformation of R™.

The corresponding results for a weight function w are the main items discussed
in this paper. For the counterpart of Proposition 2.4, we must assume that the
linear automorphism is already a monomial transformation. This result was also
proved in [16, Proposition 10].

PROPOSITION 2.6. Suppose a weight function w has symmetry group Sym(w).
Then a right monomial transformation on R™ preserves w if and only if it is a
Sym(w)-monomial transformation.

The following states the extension problem for weight functions over finite
Frobenius rings, the counterpart to Theorem 2.5.

EXTENSION PROBLEM. Suppose R is a finite Frobenius ring and that w is a
weight function with symmetry group Sym(w). Determine conditions on the weight
function w in order that every injective right linear homomorphism f : C' — R"
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which preserves w, C' C R™ a right linear code, extends to a right monomial trans-
formation on R™ which preserves w, i.e., a right Sym(w)-monomial transformation
on R".

COROLLARY 2.7. Suppose w is a weight function with symmetry group Sym(w)
for which the extension problem is solvable. Then the group of right linear auto-
morphisms of R™ which preserve w is exactly the group of right Sym(w)-monomial
transformations.

PrOOF. Simply take C' = R". |

3. Reducing to the weight composition case

In this section we describe two approaches to solving the extension problem
for weight functions. Both approaches reduce the extension problem to the weight
composition case covered by Theorem 2.5.

Suppose that C' C R™ is a right linear code with f : C — R™ a right lin-
ear homomorphism which preserves a weight function w. We assume that w has
symmetry group Sym(w).

We utilize linearity: both the code C as well as f : C — R™ are right linear.
What happens if we replace z by zs? We will discuss two ways of answering this
question.

First approach. Notice that w can be written in the form

w(z) = Z Ay, -

This allows us to conclude that

n
(3.1 w(xs) = Zams = Z ars cp(T).
i=1 reR
Let U be a subgroup of Sym(w). Recall that r &~ t if r = ut for some v € U.
Since U C Sym(w), if r ~ ¢, then a,s = ays = azs- This allows us to rewrite (3.1)
as

(3.2) w(ws) = Z swee () ags-
teU\R
Let A be the matrix of size ([U\R| — 1) x (|R| — 1) whose (¢, s) entry is as.
(We restrict t € U\R and s € R to be non-zero, since ap = 0.) This leads to a very
general version of the extension theorem.

THEOREM 3.1. Suppose R is a finite Frobenius ring with weight function w. If
the matriz A has mazimal rank [U\R| — 1, then the extension problem is solvable
for w. The extension is a U-monomial transformation.

Proor. If f preserves w, then the rank condition and (3.2) imply that f pre-
serves swc. Now apply Theorem 2.5. O

REMARK 3.2. If R is a commutative ring, then the value of a;s depends only
on the orbits of ¢ and s. In this case, let A be square of size |[U\R| — 1 with (¢, s)
entry ats, for t, s nonzero elements of U\R. The extension problem is solvable if

det A # 0.
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While this theorem seems very general, it is often difficult to apply. See Sec-
tion 8 for some examples.

Our second approach, even though it is much less general, leads to conditions
which are comparatively easy to verify. This second approach will occupy the
remainder of the paper.

Second approach. For convenience, set 0, = 0,(z) = ¢, (f(x)) — cr(z). Weight
preservation says that

Zar&n(m) =0, zeC.

r#0
Notice that

cr(zs) = Z cq().

q:qs=r

The linearity of C' and f allows us to write the weight preservation condition as

(3.3) Zar ( Z 6q(a:)> =0, ze€C, scR

r#0 q:qs=r

We write (3.3) in matrix form. Let A be a row vector of length |R| — 1, with
typical entry a, indexed by r # 0 in R. Similarly, let A be a square matrix of size
|R| — 1 whose rows and columns are indexed by r, s # 0 in R, with (r, s)-entry equal
t0 >~ ,.ge=r ¢ (). Thus (3.3) takes the form

(3.4) AA =0.

The basic strategy is to exploit the structure of (3.4) in order to conclude that
2 qeorb(t) 9¢(z) = 0. Since the latter is equivalent to swe,(f(z)) = swey(z), swe is
preserved by f, and we may apply Theorem 2.5 to prove the extension theorem.
How to go about exploiting the structure of (3.4) is the subject of subsequent
sections.

4. Semigroup rings

Let S be a finite semigroup whose operation is written as multiplication. As-
sume S has both a 0 and a 1 (different). The complezx semigroup ring C[S] is
then

Cls] = {stes = C} :

seES

a complex vector space with basis e, s € S, whose multiplication is determined by
the semigroup multiplication: ese; = eg. The one-dimensional subspace spanned
by eg is a two-sided ideal in C[S], and its quotient

Go[S] = C[S]/(eo)

is called the reduced complex semigroup ring associated to S; Cy[S] has dimension
|S| — 1 over C.

Of particular interest to us is the semigroup we will denote by S = R*, the
multiplicative semigroup of a finite ring. Then Cy[R*] has dimension |R| — 1. We
are interested in the left regular representation of Co[R*], i.e., Co[R*] acting on
itself by left multiplication. If b = Z#O bre, € Co[R*], what is the matrix L, with



6 JAY A. WOOD

respect to the basis {e,} for the linear transformation given by left multiplication
by b?
The (r,s)-entry of Ly is the coefficient of e, in bes. But

be;, = queq eszz<z bq> er,
g

970 r#0 \q:gs=r

so that the (r, s)-entry of Ly is ) by This proves the next proposition.

q:qs=r

ProposITION 4.1. In (3.4), i.e., AA = 0, which expresses the weight preser-
vation property of a linear homomorphism f : C — R™, the matriz A equals the
matriz associated to left multiplication by & = 3, 6r()er in the reduced complex
semigroup ring Co[R*].

To exploit the equation AA = 0, we seek a better basis for Cy[R*]. The basic
idea is that the reduced semigroup ring B = Cy[R*] is an Artinian algebra over C,
whereby it admits a direct sum decomposition, as a left module over itself,

where the V; are indecomposable left B-modules. Each projective indecomposable
V; in turn admits a composition series whose successive quotients are irreducible
left B-modules.

By choosing a vector space basis for B over C which is adapted to the direct
sum decomposition and the composition series, the matrix for the left regular rep-
resentation will take on a block triangular form. If P is the change of basis matrix,
expressing the new adapted basis in terms of the old basis of the e,’s, then P"*AP
is the matrix for the left regular representation in terms of the new adapted basis;
P~'AP is block triangular. Finally, our weight preservation equation, AA = 0,
can then be written as

(AP)(P~'AP) = 0.

This decomposition of Cy[R*] can be made very explicit for chain rings, as we
shall see in Section 6. The decomposition of Co[R*] will be expressed in terms of
the Fourier transform, to which we turn next.

5. Fourier transform

Since we will make heavy use of the Fourier transform for finite abelian groups,
this section establishes notation and records some standard facts.

Let G be a finite abelian group. A character on G is a group homomorphism
m: G = T from G to the multiplicative group of unit complex numbers. The
collection of all characters on G, denoted G , is itself a finite abelian group under
pointwise multiplication. The inverse 7! of 7 in G is just the complex conjugate
.

Let f : G — C be any complex-valued function on G. The Fourier transform
of fis f: G — C given by f(r) = Yowea fl@)m(x).

The statement of the Poisson summation formula depends upon a choice of
subgroup H C (. Define the annihilator (@ :H) of H in @ to be

(@:H):{ﬂ'eé’:ﬂ'(h)zl,heH}.
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Then (G : H) = G/H and |(G : H)| = |G|/|H|. The statement that follows, found
in [12, §1.10, Theorem 10], generalizes [9, Lemma 11, p. 144].

THEOREM 5.1 (Poisson Summation Formula). For every z € G,

1 R
hr) = —— m)w(x).
,glf( ) |(G°H)|ne(2@;mf( )7 (z)

6. Decomposing the semigroup ring

Starting in this section, we concentrate on the case where R is a finite chain ring,
i.e., a finite commutative local ring with principal maximal ideal m = Rm. Our
main task is to understand the structure of the reduced semigroup ring Co[R*].
What makes this particularly amenable to attack is the relatively simple ideal
structure of the ring R. This and other useful facts are summarized in the next
result. The reader may supply the proof or refer to [16, Lemma 13].

LEMMA 6.1. Let (R, m) be a finite chain ring, with m = Rm. Then the follow-
ing hold.

1. There exists an 1 > 0 such that m' # 0, but m"*J =0 for all j > 1.

2. Each ideal m® is principal with m* = R(m?).

3. Every ideal in R is equal to one of the m?, i =0,1,...,1 + 1.

4. R is Frobenius.

Examples of these rings include all finite fields, the rings Z /p' where p is prime,
and the Galois rings GR(p',n), [10, Chapter XVI].

The full group of units &/ acts on R on the left by multiplication. The orbits are
U = R\mitself, m\m2 m?>\m3 ... ml\0, and 0, where \ denotes the set-theoretic
difference. Set Oy = U = R\m, O; = m*\m*! and Oy, = 0. Also, set M; = |O;].

Define a relation < on R by y < z if y = ax for some a € R. The relation < is
reflexive and transitive, and x < y, y < x implies that z,y lie in the same U{-orbit.
Thus we see that < induces a well-defined partial ordering on the set of {/-orbits of
R. This works for any finite ring ([15]). What is special for R is that < is actually
a total ordering, with

0=011 <0 <01 <+ <01 <0p.

We now write down a new basis for the reduced semigroup ring B = Gy [R*].
For a character 7w of the group of units ¢/ and an orbit O;, we say that the pair
(m, 0;) is admissible if the pointwise stabilizer subgroup i; = Stab(O;) of the orbit
O; is contained in ker m. Because R is commutative, I/; depends only upon the orbit
O;, not on a particular element in the orbit. Note that U; C U;y1.

Another way to say that the pair (7, ;) is admissible is that 7 € (Z] 2 Uy).
Since | (U : U;)| = |U|/|Us] = |O;], we see that the number of admissible pairs equals
|R|. The zero orbit O;4+1 has Uj41 = U, so that the trivial character 7 = 1 is the
only admissible character for O;41 = 0. In dealing with the reduced semigroup ring
Co[R*], the admissible pair (7 = 1,O;4; = 0) will be dropped, leaving |R| — 1 =
dim Gy [R*] other admissible pairs.

For each admissible pair (r,0;), © € (U : U;), define an admissible orbit sum
by

(100 = 3 w(w)ewns € ColRY.

i weU /U;
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Recall that M; = |0;|, and note that O; = {um® : u € U/U;}. Also, w(u) for
u € UJU; is well-defined, since 7 € (U : U;). Notice that (m, Op) is admissible for
every 7 € U, since Uy = {1}.

For any character w € Z/A{, let i, be the largest integer j such that (m, O;) is
admissible. That is, ;. C ker, but U; ¢ kern for j > ir.

PROPOSITION 6.2. For any element b = 3 brer in Co[R*], and for any
admissible orbit sum s(w,O;), their product satisfies the following formula.

ix—1

bs(m,0;) = Z Z bumrT(w) | s(m, Oirr).

k=0 \ueU /U

PRrROOF. Group the terms of b = E#O bre, into sums over orbits:

l
b:Z Z bumkeumk.

k=0 uel /Us

Now focus on the product

(6.1) Z bumkeumk S(ﬂ', OZ) = ML Z Z bumkﬂ'(’l})euvmi+k.

weEU /Uy, ’ weU /U, vEU [U;

We wish to know the coefficient of e, i+, where w € U [U;1j,. This term will arise
from u € U /Uy, v € U/U;, which satisfy uv = w in U [U;.

For fixed w € U /U;+. and fixed u € U /Uy, select one solution vy € U /U; so that
uvg = w. The other solutions v = vyz for uv = w are parameterized by elements x
in the kernel U; 1, /U; of the natural surjection U /U; — U [U;yr. In (6.1) there will
then be a term of the form

M;/M; N A: i+k)s
S r(una) = {( [Missm(vo), 7€ U :Usss)
eClire /s 0, T & U Uirr)-
When 7 € (i : Usyr), the value m(vy) depends only on u,w, in which case m(vy) =
7(u)m(w). Then the expression in (6.1) simplifies to

Z bumtCumr | s(m, O;)

weU [Up,

_ {(Zueu/uk bumkﬁ(u)) s(m,Oirr), ™€ (U Ussr),
0’ ™ € (Z/{ :Z,{Hk).
From this the desired formula follows. 0

THEOREM 6.3. The structure of the Artinian ring Co[R*] has the following
features.

(1) The admissible orbit sums s(w,Op), © € Z:{\, are primitive orthogonal idem-
potents in Co[R*] whose sum equals 1.

(2) For each character m € LA{, the subspace spanned by the admissible orbit sums

s(m, 0;) is the projective indecomposable submodule V. generated by the idempotent
s(m, Op).
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(3) For each character m € U, let iy be the largest integer such that (m,O;..)
is admissible. Then (m,0;) is admissible for i < ir. Moreover, the subspaces
Vi spanned by s(m,O0;),s(m,0is1),...,8(m,O;.) are submodules of Co[R*], with
dime V! =i, —i+ 1. The submodules V! form a composition series for Vy:

Ve=V'oVio.-.oVi oo

(4) The left reqular representation for an element b = - _,bre, € Co[R*],
expressed in terms of the basis of admissible orbit sums, has the block diagonal
form

Nx ;

where each N, is lower triangular of size (i + 1) X (i + 1). The matriz N, has
the form

b(7,0) 0 0 0
b(m,1) b(w,0) 0 0
N7T = : y
b(7ix —1) b(T,ix —2) b(7,0) 0
b(F,ix)  b(F iz —1) b(z,1) b(x,0)

where

b(7,5) = D buwi®(u), j=0,1,..., 0.
uEu/uJ'

Proor. With the exception of the idempotents s(m,Oy) being primitive, all
these statements follow immediately from the formula in Proposition 6.2 and the
orthogonality relations on characters.

Since the idempotents s(m, Og), m € U, are orthogonal, the Artinian ring B =
Co [R*] splits as a direct sum of rings:

B = P Bs(w,0y).

ﬁe&

The idempotent s(m, Op) is primitive if and only if the ring Bs(m, Op) is local.
Inside Bs(m, Op) consider the subspace V!; it is clearly an ideal. Every element
xr € Bs(m, ) has the form z = xos(m,0p) + @', where z9 € C and 2’ € V.
Standard arguments show that z is a unit in Bs(m, Op) if and only if ¢y # 0. Thus
x is a unit if and only if # ¢ V1. This implies that Bs(m, Op) is a local ring with
maximal ideal V!, as desired. O

7. Extension theorem

We continue to assume that (R, m) is a finite chain ring with m = Rm. We
also assume that w is a weight function of the typical form w(z) =Y a,c.(z). In
the next result, please be aware that the subgroup U need not be a subgroup of
Sym(w), the symmetry group of w.
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THEOREM 7.1. Let U be any subgroup of U. Suppose the weight function w
satisfies a(m,ix) = 3 ,cuju;. Qumi=T(u) # 0 for all ™ € U : U). Then for any
right linear code C C R"™, every injective right linear homomorphism f : C — R"
which preserves w extends to a U-monomial transformation on R™.

PRrOOF. In the general developments described above, the approach is to utilize
the weight preservation equation AA = 0 in order to show that the symmetrized
weight composition determined by U is preserved. The result will then follow from
the extension theorem for weight compositions, Theorem 2.5.

We make use of Theorem 6.3 to pick a better basis for Co[R*]: the basis con-
sisting of the admissible orbit sums s(m, O;), m € 2/7, j=0,1,... iy. Then AA=0
implies (AP)(P~1AP) = 0, where P is the change of basis matrix whose columns
are the coefficients of the new basis elements s(m, O;) in terms of the old basis
elements e,..

The entries of the row vector AP are simply a(m,4)/M;, where

a(m,i) = Y aymir(u).

weU /U;

The matrix P~*AP is block triangular, as in Therorem 6.3.
For a fixed character 7, the block parameterized by 7 in the matrix equation
(AP)(P7'AP) = 0 yields the following system of equations:

1. . 1. U e

MG(W,O)(S(TF,O) + Ea(ﬂ', 1)o(m, 1) +---+ . a(m,iz)0(7, i) =0
1. 1 B
Ea(’ﬂ', 1)(5(71',0) + e + Miﬂ_ a(ﬂ')Zﬂ')(S(ﬂ';Zﬂ' - ]-) — 0

a(m,ir)0(7,0) = 0.

in

Since we are assuming that a(r,i,) # 0 for all 7 € (i : U), we see by induction
that 6(7,j) = O for m € ({ : U) and j = 0,1,...,ir. Note that (r, O;) being
admissible for = € ({{ : U) means that = € (I : U;) as well, so that 7 € U : U-Uj).

We now apply the Poisson summation formula, Theorem 5.1. The difference
swee(f(z)) — sweg(x) of the symmetrized weight compositions has the form

swee(f(@) —swer(z) = Y (er(f(@) —er@) = D de(@).

réorb(t) reorb(t)

More than just a sum over a U-orbit, it is, in fact, a sum over the coset of ¢ for
the subgroup U/(U NUy) of U/U;. (We write U for the stabilizer subgroup of
t in U. The U-orbit of ¢ is some O;. The characters of U /U; are exactly those
characters for which (7, O;) is admissible.) The Poisson summation formula states
that coset sums are equal to sums of transforms over annihilators. Since we know
that S(ﬁ,j) =0forme (LA{ :U) and j =0,1,...,i,, these sums of transforms over
annihilators vanish. Thus the symmetrized weight composition is preserved, and
the theorem follows from Theorem 2.5. [l
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COROLLARY 7.2. Suppose w is any weight function with a, > 0 for r # 0.
Then any weight preserving linear homomorphism on a submodule extends to a
monomial transformation.

Proor. Taking U = U, we see that the only character in (Z:{\ : U) is the trivial
character 7 = 1. For m = 1, it is clear that a(m,i,) # 0, since it equals a sum of
positive a,’s. O

The solution of the extension problem now follows from Theorem 7.1 simply
by taking U to be the symmetry group of the weight function w. We record this
result next.

THEOREM 7.3 (Extension Theorem). Let U = Sym(w), the symmetry group of
the weight function w. If a(m,i,) = Eueu/ui Qymi=m(uw) £ 0 for all m € (U : U),
then the extension problem is solvable for w.

REMARK 7.4. Suppose we are in the situation of Theorem 7.1, where U is some
subgroup of ¢ and a(m,i;) # 0 for all 7 € (U : U). Then any f : C — R™ which
preserves w extends to a U-monomial transformation on R"™. Beware that the
extension of f need not preserve w on all of R™ (a priori, just on C'). But if U is
a subgroup of the symmetry group of w, then Proposition 2.6 applies to show that
the extension also preserves w on R™.

8. Examples

We conclude with some examples which illustrate both the uses and the limi-
tations of the theorems of Section 7.

EXAMPLE 8.1. Let R = Z/2*1. This is a finite chain ring with m = (2). If
we concentrate on the case where U = U, then only the trivial character 7 = 1
arises in (L? :U). For m =1, i, =1, and a(m,i;) = ay. Thus, as long as ay # 0,
Theorem 7.1 says that a weight preserving f : C — R"™ extends to a monomial
transformation. As in Remark 7.4, the extension may not preserve the weight
function on all of R™.

A similar result holds for R = Z /p'*! with p prime. The condition on w is that

(8.1) Apt + Qogpt + -+ Qp_1)p! # 0.

ExAMPLE 8.2. In [4], Constantinescu, Heise, and Honold prove an extension
theorem for what they call homogeneous weight functions on Z/m. For the case
where m = p!*! is a prime power, it is a direct consequence of the definition that
homogeneous weight functions satisfy (8.1). Thus the extension theorem in [4], in
the case where m = p'*!, also follows from Theorem 7.1.

ExXAMPLE 8.3. Here is a further illustration of Remark 7.4. Let R = F5 and
take a; =i, for i = 0,1,2,3,4. The symmetry group of w is trivial.
In R?, let C be the vector subspace spanned by the vector (1,4), so that

C ={(0,0),(1,4),(2,3),(3,2),(4,1)}.

Every non-zero vector in C' has w(z) = 5. Thus the linear transformation f : C —
R? determined by f(1,4) = (2,3) preserves w. Corollary 7.2 says that f extends
to a monomial transformation. In fact, f extends to 21, i.e., scalar multiplication
by 2. But 2I does not preserve w on all of RZ.
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Now let us try to apply the extension theorem with U = {1}, the symmetry
group of w. The group of units U is cyclic of order 4, and every character = € i is
admissible. In particular, consider the character m of order 2 in U: 7(27) = (—1)7,
for 7 =0,1,2,3. We then compute that

a(r) =ay —az + a4 —azg =0.

Thus the extension theorem does not apply.

It is easy to verify that the group of weight preserving automorphisms on R? is
precisely the symmetric group ¥,. Since f is not the restriction of a permutation,
f does not extend to a weight preserving automorphism.

ExaMPLE 8.4. Let R =7Z/8, with U = %1, as for the Lee or Euclidean weight
functions. The nonzero U-orbits are {1,7}, {3,5}, {2,6}, and {4}. We assume
U C Sym(w), so that a; = ar, etc. Since R is commutative, the matrix A of
Remark 3.2 is:

a; a3 a2 Q4
a3 a; G Q4
as a2 Qg 0
as Qg 0 0

A=

Then det A = 2a3(az — a1). This determinant is clearly nonzero for the Lee and
Euclidean weight functions, so Theorem 3.1 implies the extension theorem in this
case.

Similarly explicit calculations can be made for other small chain rings, proving
the extension theorem in those settings. What is still missing is a uniform approach
to the Lee and Euclidean weight functions for all chain rings.

REMARK 8.5. Notice that the factors of det A above are exactly the a’s which
occur in Theorem 7.1. This pattern has appeared in all the calculations that the au-
thor has performed on various chain rings. For chain rings, we conjecture that det .4
always factors into a product of a’s, and hence that Theorem 3.1 and Theorem 7.1
are equivalent, provided U C Sym(w).

REMARK 8.6 (Added in proof). For chain rings, the conjecture in Remark 8.5
is true. This result will appear in subsequent work of the author.
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