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ABSTRACT. These lecture notes discuss the MacWilliams identi-
ties in several contexts: additive codes, linear codes over rings,
and linear codes over modules. Also discussed, in outline form, is
the extension theorem with respect to Hamming weight for linear
codes defined over finite rings or finite modules. Both of these top-
ics were studied originally by MacWilliams in the context of linear
codes defined over finite fields.
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1. INTRODUCTION

These lecture notes are essentially a re-ordered subset of the lecture
notes I prepared for the summer school on Codes over Rings, held
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August 18-29, 2008, at the Middle East Technical University, Ankara,
Turkey [29].

The MacWilliams identities are very well known. The exposition
here is geared primarily towards understanding the features one should
expect in a well-behaved dual code. These features, valid for linear
codes defined over a finite field, are summarized in what I refer to
as a “model theorem,” Theorem 2.1.1. This model theorem is first
generalized to additive codes defined over a finite abelian group, a
theorem due essentially to Delsarte [5]. The exposition then turns to
linear codes defined over a finite ring or over a finite module and to
the extra hypotheses needed in order that the model theorem still hold.
This exposition was strongly influenced by the desire to understand the
interplay between dual codes defined by using a Q/Z-valued biadditive
form and dual codes defined by using a bilinear form with values in the
ground ring. I became aware of this interplay from the book [21].

While the material on the MacWilliams identities is mostly self-
contained, it is not entirely so. I have included several short sections of
background material in an attempt to keep prerequisites to a minimum.

The last section is an outline of several major theorems related to
extending weight-preserving maps between codes to monomial trans-
formations (the extension theorem). References to the literature are
given, and the reader may refer to [29] for details.

Acknowledgments. 1T thank the organizers of the International School
and Conference on Coding Theory for the opportunity to present this
material. I also thank my wife Elizabeth Moore for her support.

2. A MODEL THEOREM

In this section we describe a theorem, valid over finite fields, involving
linear codes, their dual codes, and the MacWilliams identities between
their Hamming weight enumerators. This theorem will serve as a model
for subsequent generalizations to additive codes, linear codes over rings
or modules, and other weight enumerators.

2.1. Classical case of finite fields. We recall without proofs the
classical situation of linear codes over finite fields, their dual codes, and
the MacWilliams identities between the Hamming weight enumerators
of a linear code and its dual code. This material is standard and can be
found in [20]. Proofs of generalizations will be provided in subsequent
sections.
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Let IF, be a finite field with ¢ elements. Define (-,-) : F} x Fj — F,
by

Ty) =Y Ty
j=1

for v = (z1,29,...,7,),y = (Y1,%2,---,Yn) € Fy. The operations
are those of the finite field F,. The pairing (-,-) is a non-degenerate
symmetric bilinear form.

A linear code of length n is a linear subspace C' C . It is traditional
to denote k = dim C. The dual code C* is defined by:

t={yeFy:(x,y)=0, forall z € C}.

The Hamming weight wt : F, — Q is defined by wt(a) = 1 for
a # 0, and wt(0) = 0. The Hamming weight is extended to a function
wt : F7 — Q by

n
= Zwt(xj), T = (11,7,...,7,) € F.

Then wt(x) equals the number of non-zero entries of = € Fy.

The Hamming weight enumerator of a linear code C'is a polynomial
We(X,Y) in C[X,Y] defined by

We(X,Y) =) Xrwi@ywi) ZA XY,
zeC

where A; is the number of codewords in C' of Hamming weight j.

The following theorem summarizes the essential properties of C*+ and
the Hamming weight enumerator. This theorem will serve as a model
for results in later sections.

Theorem 2.1.1. Suppose C' is a linear code of length n over a finite

field F,. The dual code C*+ satisfies:
(1) C+ C Fy;
(2) Ctisa lmear code of length n;

(3) (CH)F =C;

(4) dim C* =n —dimC (or |C| - |CF] = [F}| = ¢"); and
(5) (the MacWilliams identities, [18], [19])

L WX + (- 1)V, X —1).

Wei (X,Y) = c
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2.2. Plan of attack. In subsequent sections, Theorem 2.1.1 will be
generalized in various ways, first to additive codes, then to linear codes
over rings and modules, and finally to other weight enumerators. In
order to maintain our focus on the central issue of duality, only the
Hamming weight enumerator will be discussed initially.

As we will see in the discussion of additive codes (Section 4), one
natural choice for a dual code to a code C'C G" will be the character-
theoretic annihilator (G™ : C'). The drawback of this choice is that the
annihilator is not a code in the original ambient space G"; rather, it is
a code in G™. By introducing a nondegenerate biadditive form on G"
(Subsection 4.3), one establishes a choice of identification between G"
and G". This will remedy the drawback of the dual not being a code
in the original ambient space.

At the next stage of generalization, linear codes over rings (Sec-
tion 5), one must be mindful to ensure that the dual code is again a
linear code, that the size of the dual is correct, and that the double
dual property is satisfied. The latter requirement will force the ground
ring to be quasi-Frobenius. In order that the dual code be linear, the
biadditive form neAeds to be bilinear, yet still provide an identification
between R™ and R". This and the size restriction will place an addi-
tional requirement on the ground ring, that it be Frobenius.

For linear codes over a module A, very nice formulaiions of duality
are possible when one allows the dual code to sit_in A™ or when one
allows the ring to have an involution e such that A® = A.

Once duality has been sorted out, the generalizations to other weight
enumerators will be comparatively straight-forward (Section 6).

3. CHARACTERS

We begin by discussing characters of finite abelian groups and of
finite rings.

Throughout this section G is a finite abelian group under addition.
A character of G is a group homomorphism 7 : G — C*,| where C* is
the multiplicative group of nonzero complex numbers.

More generally, one could allow G to be a commutative topological
group, and define characters to be the continuous group homomor-
phisms 7 : G — C*. By endowing a finite abelian group with the
discrete topology, every function from G is continuous, and we recover
the original definition. The character theory for locally compact, sep-
arable, abelian groups was developed by Pontryagin [22], [23].
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3.1. Basic results. Denote by G = Homy(G, C*) set of all characters
of G, G is a finite abelian group under pointwise multiplication of
functions: (70)(x) := m(x)f(z), for x € G. The identity element of the
group G is the principal character my = 1, with mo(x) = 1 for all z € G.

Let F(G,C) = {f : G — C} be the set of all functions from G to

the complex numbers C; F(G,C) is a vector space over the complex

numbers of dimension |G|. For fi, fo € F(G,C), define

(3.1.1) (f1, f2) = Zﬁ

xGG

Then (-,-) is a positive definite Hermitian inner product on F(G,C).
The following statement of basic results is left as an exercise for the
reader (see, for example, [24] or [25]).

Proposition 3.1.1. Let G be a finite abelian group, with character
group G. Then:

(1 G is 1somorphic to G, but not naturally so;

A~ o~

2) G is naturally isomorphic to the double character group (G) ;

)

2 G

®) Gl =6

(4) (Gy x Gg) =Gy x Gy, for finite abelian groups G, Ga;
(5)

G|, m=1,
R LR
|G|, x=0,

(7) The characters of G form an orthonormal basis of F(G,C) with
respect to the inner product (,).

3.2. Additive form of characters. It will sometimes be convenient
to view the character group G additively. Given a finite abelian group
G, define its dual abelian group by Homyz(G,Q/Z). The dual abelian
group is written additively, and its identity element is written 0, which
is the zero homomorphism from G to Q/Z. The complex exponential
function defines a group homomorphism Q/Z — C*, x — exp(2miz),
which is injective and whose image is the subgroup of elements of fi-
nite order in C*. The complex exponential in turn induces a group
homomorphism

(3.2.1) Homyz (G, Q/Z) — G = Homgz(G, C*).

When G is finite, the mapping (3.2.1) is an isomorphism.
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Because there will be situations where it is convenient to write char-
acters multiplicatively and other situations where it is convenient to
write characters additively, we adopt the following convention.

Notational Convention. Characters written in multiplicative form, i.e.,
characters viewed as elements of Homy(—, C*) will be denoted by the
“standard” Greek letters 7, 8, ¢, and p. Characters written in additive
form, i.e., characters viewed as elements of Homgz(—,Q/Z), will be
denoted by the corresponding “variant” Greek letters w, ¥, ¢, and p,
so that m = exp(2miw), § = exp(2mid)), etc.

The ability to write characters additively will become very useful
when G has the additional structure of (the underlying abelian group
of) a module over a ring (subsection 3.3).

We warn the reader that in the last several results in Proposition 3.1.1,
the sums (or linear independence) take place in (or over) the complex
numbers. These results must be written with the characters in multi-
plicative form. R

Let H C G be a subgroup, and define the annihilator (G : H) =
{weG:wh)=0, forall h€ H}. Then (G : H) is isomorphic to
the character group of G/H, so that |(G : H)| = |G|/|H].

Proposition 3.2.1. Let H be a sy\bgroup of G with the property that
H C kerw for all characters w € G. Then H = 0.

Proof. The hypothesis implies that (G : H) = G. Calculating [H| = 1,
we conclude that H = 0. O

3.3. Character modules. If the finite abelian group G is the additive
group of a module M over aring R, then the character group M inherits
an R-module structure. In this process, sides get reversed; i.e., if M is

a left R-module, then M is a right R-module, and vice versa.
Explicitly, if M is a left R-module, then the right R-module structure
of M is defined by

(wr)(m) == w(rm), w € M,r € R,me M.

Similarly, if M is a right R-module, then the left R-module structure
of M is given by

(rww)(m) == w(mr), we M,r e R,me M.

Remark 3.3.1. When M is written in multiplicative form, one may see
the scalar multiplication for the module structure written in exponen-
tial form (for example, in [27]):

7" (m) :=7n(rm), wé€ M,r € R,me M,
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when M is a left R-module and M is a right R-module, and

T

w(m):=n(mr), we M,r € R,me M,

when M is a right R-module and M is a left R-module. The reader
will verify such formulas as (7")* = 7"*.

Lemma 3.3.2. Let R be a finite ring, with R its character bimodule.
If rR =0 (resp., Rr =0), then r = 0.

Proof. Suppose rR = 0. For any w € Rand z € R, we have 0 =
row(z) = w(ar). Thus Rr C ker w, for all w € R. By Proposition 3.2.1,
Rr =0, so that r = 0. O

4. MACWILLIAMS IDENTITIES FOR ADDITIVE CODES

In this section we generalize the model Theorem 2.1.1 to additive
codes over finite abelian groups. We begin with a review of the Fourier
transform and the Poisson summation formula, which will be key tools
in proving the MacWilliams identities.

4.1. Fourier transform and Poisson summation formula. In this
subsection we record some of the basic properties of the Fourier trans-
form on a finite abelian group (cf. [25]). We make use of the material
in Section 3. The proofs are left as exercises for the reader.

Suppose that G is a finite abelian group and that V' is a vector space
over the complex numbers. Let F(G,V) = {f: G — V} be the set of
all functions from G to V; F(G,V) is vector space over the complex
numbers.

The Fourier transform — : F(G,V) — F(@, V') is defined by
f(m)=> n(@)f(z), feF(@GV), med.

zeG

Notice that the characters are in multiplicative form. The Fourier
transform is a linear transformation with inverse transformation deter-
mined by the following relation.

Proposition 4.1.1 (Fourier inversion formula).
1 A
f@) =g 2 m(a)i(m. zeG. feF@V).

Theorem 4.1.2 (Poisson summation formula). Let H be a subgroup
of a finite abelian group G. Then, for any a € G,

1 .
Y flat+wz) = G > w(—a)f(x).

reH |( : )’ WG(@:H)
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In particular, when a =0 (or a € H)

> fla) = T Z f(m

zeH 7r€(G H)

When the vector space V' has the additional structure of a commu-
tative complex algebra, we have the following technical result.

Proposition 4.1.3. Suppose thatV is a commutative complex algebra.
Suppose that f € F(G",V) has the form

fxla"'7 Hfzxz

where fi1,..., fn € F(G,V). Then f = Hfz, i.e., form = (m,...,m,) €

G~ Gn,
= Hfz‘(ﬁ)
=1

4.2. Additive codes. Let (G, +) be a finite abelian group. An addi-
tive code of length n over GG is a subgroup C' C G". Hamming weight
on G is defined as before, for a € G and x = (xy,...,2,) € G™

wi(a) = {(1) Zf 8 wi(z) = ;m(m.

Thus, wt(x) is the number of nonzero entries of x.

Given an additive code C' C G™, one way to define its dual code is
via the character-theoretic annihilator (G" : C).

As before, the Hamming weight enumerator of an additive code C C

G" is:

Wc'(X, Y) _ ZXn—Wt(J:)th(x) _ ZAan_ij7
zeC j=0
where A; is the number of codewords of Hamming weight j in C'.
The model Theorem 2.1.1 then takes the following form. This result
is a variant of a theorem of Delsarte [5].

Theorem 4.2.1. Suppose C' is an additive code of length n over a
finite abelian group G. The annihilator (G™ : C) satisfies:
(1) (G":C) C G ~
(2) (G™: C) is an additive code of length n in G";
(3) (G": (G" 'C))ZC;
(4) [C]- |(G": C)] = |G"|; and
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(5) the MacWilliams identities hold:

1
W an.cy(X,Y) = WWC(X + (G -1)Y, X —-Y).

The first four properties are clear from the definition of (@” : O);

that (G" : C) is an additive code in G" is seen most clearly when char-
acters are written in additive form. For the proof of the MacWilliams
identities, we follow Gleason’s use of the Poisson summation formula
(see [1, §1.12]). To that end, we first lay some groundwork.

Let V = C[X, Y], a commutative complex algebra, and let f; : G —
C[X,Y] be given by f;(z;) = X'™Vt@)ywt@) g ¢ G. Now define
f:G"— C[X,Y] by

Flar,omn) = [ ] filw) = [Tt meoytted — sy,
i=1

=1

for x = (z1,...,2,) € G™.

Lemma 4.2.2. For f;(z;) = X™"@)y™t@) 2 € G, and 7; € @,

by {XHOG-DY, =1 @i=0),
Thus,

flm) = (X + (|G — DY) (X — Y=,
where m = (7T17"'77Tn) € é?l = @’n

Proof. By the definition of the Fourier transform,
film) = milwa) ) = Y milwy) Xy i),
te; z;€G
Split the sum into the x; = 0 term and the remaining z; # 0 terms:
film) = X + Z mi(x;)Y.
;70

By Proposition 3.1.1, the character sum equals |G| — 1 when m; = 1
(ww; = 0), while it equals —1 when m; # 1 (w; # 0). The result for f;
follows. Use Proposition 4.1.3 to obtain the formula for f. O

Proof of the MacWilliams identities in Theorem 4.2.1. We use f(z) =
Xn=wt@)ywt) a5 defined above. By the Poisson summation formula,
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Theorem 4.1.2, we have

1 A
We(X,Y) =) fl&)=—=—= > [f(n)
zeC |(Gn : C)l we(@":C)
1
=——— ) (X+(G] - )Y@ (X v
(G O) G
_ Wl-O)IW@"C)(X + (G| = )Y, X = V).

~

Interchanging the roles of C' and (G™ : C') yields the form of the iden-
tities stated in the theorem. U

Remark 4.2.3. In comparing Theorem 4.2.1 with Theorem 2.1.1, the
only drawback is that the “dual code” (G" : C) lives in G, not G
One way to address this deficiency will be the use of biadditive forms
in subsection 4.3.

4.3. Biadditive forms. Biadditive forms are introduced in order to
make identifications between a finite abelian group G and its character
group G.

Let G, H, and E be abelian groups. A biadditive form is a map
B :Gx H— E such that f(z,-) : H— E is a homomorphism for all
x € G and ((-,y) : G — FE is a homomorphism for all y € H. Observe
that 3 induces two group homomorphisms:

X : G — Homg(H, E), x=(y) = pB(z,y), v€G,yeH,;
¢ H — Homg (G, E),  ¢y(x) =B(z,y), v€GyeH.

The biadditive form (3 is nondegenerate if both maps x and 1 are
injective. Extend 8 to #: G" x H® — E by

ﬁ(a7b) = Zﬂ(l‘]vy]): €r = <$1a"~7xn) € Gn7y = (ylv'-'7yn) € H".
7=1

If G and H are finite abelian groups and £ = Q/Z, then recall
that Homyz(G,Q/Z) = G, so that a nondegenerate biadditive form
B : G x H— Q/Z induces two injective homomorphisms, x : G — H

and 1 : H — G. Because |G| = |G|, we conclude that y and 1 are
isomorphisms, so that G = H. Thus, there is no loss of generality to
have G = H, with a nondegenerate biadditive form f: G x G — Q/Z.
Observe now that x = 1 if and only if the form [ is symmetric. Equiv-
alently, x.(y) = xy(x) for all z,y € G if and only if § is symmetric.
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For an additive code C' C G™, the character-theoretic annihilator
(G™: C') C G™ corresponds, under the isomorphisms y, v, to the anni-
hilators determined by f:

1(C):={y e G": B(y,z) =0, for all x € C'} (under ),
r(C):={ze€G": B(x,2z) =0, forall z € C} (under ).

Observe that [(r(C)) = C and r(I(C)) = C. Of course, if 3 is symmet-
ric, then [(C) = r(C). To summarize:

Proposition 4.3.1. Suppose G is a finite abelian group and (3 : G X
G — Q/Z is a nondegenerate biadditive form. The annihilators [(C)
and r(C) of an additive code C' C G™ satisfy

(1) 1(C),r(C) C G,

(2) 1(C),r(C) are additive codes of length n in G™;

(3) U(r(C)) = C and r(i(C)) = C;

(4) [C]-[l(C)] = [C]- [r(C)] = |G"|; and

(5) the MacWilliams identities hold:

ﬁwc(x F (G~ DY, X ) = Wy (X,Y).

If B is symmetric, then I[(C) = r(C). Moreover, for any finite abelian
group G, there exists a nondegenerate, symmetric biadditive form ( :

GxG—Q/Z.

Wie)(X,Y) =

5. DUALITY FOR MODULES

In this section we discuss dual codes and the MacWilliams identities
in the context of linear codes defined over a finite ring or, even more
generally, over a finite module over a finite ring.

5.1. Linear codes. Fix a finite ring R with 1. The ring R may not
be commutative. Also fix a finite left R-module A, which will serve as
the alphabet for R-linear codes. A left R-linear code of length n over
the alphabet A is a left R-submodule C' C A™. An important special
case is when the alphabet A equals R itself.

Remember that the character group A of A admits a right R-module
structure via wr(a) = w(ra), forr € R, a € A, and w € A

For an R-linear code C' C A", the character-theoretic annihilator
(A" : C) = {w € A" : w(C) = 0} is a right submodule of A",

Proposition 5.1.1. The annihilator (A" : C) of an R-linear code
C C A" satisfies

(1) (A" : C) c A";
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(2) (21” : C) is a right R-linear code of length n in An;
(3) (4" (A" ) = C;
(4) |C]- (A" : O) = |A"]; and
(5) the MacWilliams identities hold:
1
Wiino) (X, Y) = = We(X + (J[A| - DY, X = Y).

]

The only drawback is that the annihilator (A" : C) is not a code
over the original alphabet A. As was the case for additive codes, one
way to remedy this drawback is to use nondegenerate bilinear forms.
We will introduce bilinear forms in a very general context and then be
more specific as we proceeed.

5.2. Bilinear forms. Let R and S be finite rings with 1, A a finite left
R-module,; B a finite right S-module, and E a finite (R, S)-bimodule.
In this context, a bilinear form is a map § : A x B — E such that
B(a,-) : B — FE is a right S-module homomorphism for all a € A
and ((-,0) : A — FE is a left R-module homomorphism for all b € B.
Observe that § induces two module homomorphisms:

X : A — Homg(B, E), Xa(b) = B(a,b), a€ AbeE B;
¥ : B — Hompg(A, E), Yp(a) = B(a,b), a€ Abe B.

The bilinear form [ is nondegenerate if both maps ¢ and 1 are injective.
Extend 3 to §: A" x B" — E by

Bla,b) =Y Blaj,by), a=(ar,... an) € A" b= (by,...,b,) € B".
j=1

For subsets P C A™ and Q C B"™ we define annihilators:

UQ) = {a € A" : Bla.q) =0, for all ¢ € Q).
r(P)={be B": ((p,b) =0, for all p € P}.

Observe that [(Q) is a left submodule of A" and r(P) is a right sub-
module of B™. Also observe that @ C r(I(Q)) and P C I(r(P)), for
P C A" and Q C B™.

An important special case is the following example.

Example 5.2.1. Let R = S and let A= rR, B= Ri and F = gRp.
Define 5 : R x R — R by f(a,b) = ab, where ab € R is the product
in the ring R. Because R has a unit element,  is a nondegenerate
bilinear form.
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As above, if P C R", then [(P) is a left submodule of R" and r(P)
is a right submodule of R". Moreover, if P is also a left (resp., right)
submodule of R", then [(P) (resp., r(P)) is a sub-bimodule of R".

Comparing with the model Theorem 2.1.1, the annihilator r(C') of
a left linear code C' C R™ will indeed be a right linear code in R"™.
However, we will need to be concerned about two other of the items in
Theorem 2.1.1: the double annihilator property and the size property.
In the next several subsections we examine these properties in more
detail.

5.3. A crash course on finite quasi-Frobenius and Frobenius
rings. References for this subsection include [15] and [16].

Let R be a finite associative ring with 1. The (Jacobson) radical
rad(R) of a finite ring R is the intersection of all the maximal left
ideals of R. The radical is also the intersection of all the maximal right
ideals of R, and the radical is a two-sided ideal of R.

A nonzero module over R is simple if it has no nontrivial submodules.
Given any left R-module M, the socle soc(M) is the sum of all the
simple submodules of M.

A finite ring R is quasi-Frobenius (QF) if R is self-injective, i.e.,
injective as a left (right) module over itself. Equivalently ([15, Theo-
rem 15.1]), R is QF if its ideals satisfy the following double annihilator
property: for every left ideal I C R, I(r(I)) = I, and for every right
ideal J C R, r(I(J)) = J.

A finite ring R is Frobenius if R/rad(R) = soc(R) as left or as right
modules. This version of the definition is based on a theorem of Honold,
[12, Theorem 2|. Equivalently ([27, Theorem 3.10]), a finite ring R is
Frobenius if and only if its character module R is isomorphic to R as
left or as right modules over R.

5.4. The double annihilator property. Continue to assume the
conditions in Example 5.2.1, i.e., § : R" x R — R is the standard
dot product given by

6(@, b) = Z aibia
i=1
for a = (a1,...,a,),b = (by,...,b,) € R", where ;b; is the product in
the ring R.

Proposition 5.4.1. The annihilators (D), r(C) satisfy:

(1) If C' C R™ is a left submodule, then C' C I(r(C)).
(2) If D C R" is a right submodule, then D C r(l(D)).
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(3) Equality holds for all C' and D if and only if R is a quasi-
Frobenius ring.

Proof. The first two containments are true even if C, D are merely
subsets of R". Now consider the last statement. In the case where
n = 1, equality would mean that C' = [(r(C)) and D = r(I(D)) for
every left ideal C' and right ideal D of R. In some texts, for example
[4, Definition 58.5], this is the definition of a quasi-Frobenius ring.
In [15, Theorem 15.1], the double annihilator condition is one of four
equivalent conditions that serve to define a quasi-Frobenius ring.

For n > 1, the double annihilator condition holds over a quasi-
Frobenius ring by a theorem of Hall, [11, Theorem 5.2]. O

5.5. The size condition. We continue to assume that §: R" x R" —
R is the standard dot product over a finite ring R. Motivated by the
previous subsection, we now assume that R is a quasi-Frobenius ring
as well.

First, the bad news.

Theorem 5.5.1. If R is a quasi-Frobenius ring, but not a Frobenius
ring, there exists a left ideal I C R with |I| - |r(I)| < |R|, and there
exists a right ideal J C R with |J| - |I(J)| < |R|.

It turns out that a QF ring that is not Frobenius has a left ideal of
the form M,, ,(F,), with & > m. One can then calculate the size of the
annihilator and find that it is too small.

Corollary 5.5.2. The MacWilliams identites cannnot hold over a non-
Frobenius ring R using [(C') and r(C) as the notions of dual codes.

Proof. Consider the meaning of the MacWilliams identities for linear
codes of length 1, i.e., when the linear code C' C R is a left ideal.
Clearly, W (X,Y) = X + (|C| - 1)Y.
Then, the right side of the MacWilliams identities becomes
1
WWC(X + (R - 1Y, X —-Y)
1
=
]

| B )
_ X+ (_ 1)y
]
This latter equals the Hamming weight enumerator for r(C') (or [(C))

if and only if |C|-|r(C)| = |R| (or |C|- |I(C)| = |R]), which contradicts
Theorem 5.5.1. U

X+ (B =Y +(|C][-1)(X - Y))
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5.6. Generating characters. For the good news, let us return to the
general situation of a nondegenerate 3 : RA x Bg — rFs.

Theorem 5.6.1. Suppose B : RA X Bs — grEgs is a nondegenerate
bilinear form. Suppose there exists a character o : E — Q/7Z with the
property that ker o contains no nonzero left or right submodules.
Let B : Ax B — Q/Z be given by ' = po 3. Then
(1) B is a nondegenerate biadditive form on abelian groups;
(2) if C C A™ is a left submodule, then r(C) = 1'(C);
(3) if D C B™ is a right submodule, then [(D) = 1'(D);
(4) U(r(C)) = C for left submodules C C A", and r(I(D)) = D for
right submodules D C B";
(5) [C]- [r(C)| = |A"| and |D| - [I(D)| = |B"|;
(6) the MacWilliams identities hold for submodules using r(C') and
I(D) as the notions of dual codes:

1

W) (X,)Y) = WWC(X + (Al = 1Y, X =Y),
1

Wiy (X, Y) = WWD(X +(|B|-1)Y,X =Y.

Proof. In order to show that (3’ is nondegenerate, suppose that b € B
has the property that 5'(A,b) = 0. We need to show that b = 0.

Let 9, : A — E be given by ¥y(a) = ((a,b), a € A; ¢y is a homo-
morphism of left R-modules. By the hypothesis on b and the definition
of 3, we see that o(¢»(A)) = 0; i.e., ¥p(A) C ker p. But ¢p(A) is a left
R-submodule of E, so the hypothesis on g implies that ¢(A) = 0. Be-
cause ( was assumed to be nondegenerate, we conclude that b = 0. A
similar argument proves the nondegeneracy of 3" in the other variable.

If C C A" is aleft R-submodule, then 3 = gof implies r(C) C 7'(C).
Now suppose that b € r'(C), i.e., that §'(C,b) = 0. This implies that
p(C) = B(C,b) C kerp. But ¢,(C) is a left R-submodule of E, so
the hypothesis on p again implies that ¢,(C') = 0. Thus b € r(C'), and
r(C) =1'(C). The proof for /(D) is similar.

The remaining items now follow from Proposition 4.3.1. It follows
from the discussion in subsection 4.3 that A and B are isomorphic as
abelian groups. 0

We will call a character o satisfying the hypothesis of Theorem 5.6.1
a generating character.

Corollary 5.6.2. Over any finite ring R, the MacWilliams identities
hold in the setting of a nondegenerate bilinear form 3 : RA X B — FE,
where E is a Frobenius bimodule.
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Proof. Tt follows from Lemma 7.2.4 that a Frobenius bimodule admits
a generating character. U

Theorem 5.6.3. A finite ring is Frobenius if and only if it admits a
generating character p.

Proof. This is a restatement of [27, Theorem 3.10], one of our equivalent
definitions of a Frobenius ring. O

Corollary 5.6.4. Over a Frobenius ring R, the MacWilliams identities
hold in the setting of a nondegenerate bilinear form 3 : RA X Br —
rRR.

To conclude this subsection we illustrate Corollary 5.6.2 by showing
a natural pairing 5 : RA X Bp — R when B = A.

Lemma 5.6.5 ([27, Remark 3.3]). Let M be a finite R-module. Then
M = Hompg(M, ﬁ)
Proof. Writing characters in additive form, the definition of the module

structure on M, ie., (wr)(m) = w(rm), for w € M, m e M,reR,

shows how @ € M defines an element in Hompz (M, R). The reader will
check that this is an isomorphism. O

Theorem/\5.6.6. Let A be a finite left R-module, and let B = A
Hompg (A, R). The natural evaluation map

B:Ax B~ AxHomg(A4,R) — R,

is a nondegenerate bilinear form with values in a Frobenius bimodule.
The MacWilliams identities hold in this setting.

Proof. The form 3 is nondegenerate because for every a € A there
exists a character w € A with ( ) # 0. (This is the double dual
property of characters: G = (G) from Proposition 3.1.1.) Corol-
lary 5.6.2 implies that the MaCWiHiams identities hold. U

Finally, we illustrate Theorem 5.6.6 when some additional hypothe-
ses are satisfied. An involution € : R — R is an isomorphism at the level
of abelian groups such that e(rs) = e(s)e(r), r,s € R, and e ' = ¢. If
R admits an involution ¢, then every left R-module M admits a right
R-module structure M¢, via xr = ¢(r)x, for r € R, x € M. Similarly,
every right R-module admits a left R-module structure.

Theorem 5.6.7. Let A be a finite left R-module. Suppose that R
admits an involution € such that A = A. Then there exists

B:Ax A° = R,
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which is a nondegenerate bilinear form with values in a Frobenius bi-
module. The MacWilliams identities hold in this setting.

Proof. Just use Theorem 5.6.6 and the isomorphism A® == A U

Because right submodules of A° correspond to left submodules of A,
the involution € allows one to consider self-dual codes C' C A™: those
for which r(C)® = C. This is the approach taken in [21].

6. OTHER WEIGHT ENUMERATORS

In this section we discuss two other weight enumerators, the full
weight enumerator and the complete weight enumerator. In discussing
these two weight enumerators, we follow, in part, the treatment of this
material in [21]. We also make use of some of the notation introduced
by [3], who in turn build on results of [13].

6.1. Full weight enumerators. Let GG be a finite abelian group. The
full weight enumerator of a code C' C G" is essentially a copy of the
code inside the complex group ring C[G"]. Recall that the complex
group ring C[G"] is the set of all formal complex linear combinations
of elements of G". One way to notate C[G"] is to introduce formal
symbols e, for every x € G". Then an element of C[G"] has the form

E g€,

reGn

where o, € C. Addition in C[G"] is performed term-wise: »_ a,e, +
> Beer = > (o + B)e,. Multiplication is as for polynomials, using
the rule e,e, = €4y, where the latter is the formal symbol associated
to the sum x + y in the group G™.

Let f: G" — C[G"] be any function from G" to C[G"]. In terms of
the basis of e,, x € G", the function f has the form

flx) = Z By, Bs, € C.

yeG™

The Fourier transform of f is then f :Gn — C[G"],

(OEDYECIEED 3] DL
zeG" yeG" \zeGn"

For any subset C' C G™ and any function f : G" — C[G"], define the
full weight enumerator of C' with respect to f by fwec(f) = > .cc f(2).
Then the Poisson summation formula implies

1 .
fwec(f) = KA—fwe(@n:C)(f).

Gn: C)]
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In the special case where the function f ise : G — C[G"], e(z) = e,
the Fourier transform has the form é(7) = > .. 7(z)e,, and we have
the following version of the MacWilliams identities for the full weight
enumerator (with respect to e).

Theorem 6.1.1. For any additive code C C G", the full weight enu-
merator satisfies the following MacWilliams identities:

1
fweq(e) = ———
V=G0

When G is equipped with a nondegenerate biadditive form 3 : G x
G — Q/Z, we can make use of the identifications of Proposition 4.3.1.

Using the notation of subsection 4.3, if we use y : G — G, x(x) =
B(x,—), to make identifications, then the Fourier transform of e is

éy(x) = Z exp(2mifB(x,y))e,, x€ G".

yeG™
The MacWilliams identities then become
1 .
(6.1.1) fwec(e) = o fwey ) (€y)-

Similarly, if one uses instead ¢ : G — @, Y(x) = B(—,x), to make
identifications, then one has

éy(z) = Z exp(2mif(y, x)) ey, € G".

yeGn
The MacWilliams identities in this case take the form

1 R
fwec(e) = Bl fwe, oy (éy).

r(C
6.2. Complete weight enumerators. The complete weight enumer-
ator will be an element of a certain polynomial ring, which we now
define. For every z € G, let Z, be an indeterminate. Form the poly-
nomial ring on these indeterminates: C[Z, : = € G|. We will write
C[(Z,)] for short.

Given a code C' C G", the complete weight enumerator of C' is

cwec((Za)) = Z H Ly, = Z H Zﬁy(a’) € C[(Z.)],

zeC i=1 zeC yeG
where ¢,(x) = |[{i : ; = y}| counts the number of components of
x € G™ that equal the element y € G.
A linear change of variables can be specified by Z, — EyEG By yZy,
where B is a matrix of size |G| x |G| whose rows and columns are



CIMAT LECTURE NOTES 19

parameterized by the elements of G. Such a linear change of variables
induces a homomorphism of C-algebras Mp : C[(Z,)] — C|[(Z,)] via
MB(Z:L“) = ZyEG Bx,yZy'

We would now like to compare the full weight enumerator with
the complete weight enumerator. A C-linear transformation of vec-
tor spaces S : C[G"] — C|(Z.)] (“specialization”) is completely deter-
mined by defining S(e;) = [[_, Zz;, for = (v1,22,...,2,) € G". In
particular, notice that S(fwec(e)) = cwec((Z,)).

As in the previous subsection, let G be equipped with a nondg—
generate biadditive form f : G x G — Q/Z, and use x : G — G,
x(x) = B(z, —), to make identifications, so that

éy(z) = Z exp(2mif(z,y)) ey, x € G

yeGn

For any subgroup D C G", a computation shows that S(fwep(é,)) =
Mpg(cwep((Z,))), where the matrix B is given by

(6.2.1) B, , = exp(2mif(z,y)), =,y € G.

By applying S : C|G"] — C|(Z,)] to the MacWilliams identities for the
full weight enumerator, (6.1.1), we obtain the MacWilliams identities
for the complete weight enumerator:

cwec((Ze)) = Mp(cweycy((Z)))-

1
|L(C))]
If one uses instead ¢ : G — G to make identifications, then B is
replaced by its transpose B?, and the MacWilliams identities take the
form:

Cwec((Z.)) = MBt(CWGT(C)((Z.))).

1
r(C)]

Finally, by mapping Z, to X and mapping all the other Z,, y # 0,
to Y, one induces a specialization map from C[(Z,)] to C[X, Y], which
takes cwes((Z,)) to the Hamming weight enumerator We(X,Y). A
computation using Lemma 4.2.2 shows that Mp(cwec((Zs))) special-
izes to W (X + (|G| —1)Y, X —Y), where B is given in (6.2.1). In this
way, the MacWilliams identities for Hamming weight can be deduced
from those for the complete weight enumerator.

Remark 6.2.1. It is possible to define other weight enumerators called
symmetrized weight enumerators. The MacWilliams identities for these
symmetrized weight enumerators (in special situations) first appeared
in [27, Theorem 8.4]. More general situations in which the MacWilliams
identities hold have been studied in [3] and [13].
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7. THE EXTENSION THEOREM

7.1. Basic definitions. Let R be a finite ring with 1, and let A be a
finite left R-module. The module A will serve as the alphabet for the
linear codes we discuss. We begin with several standard definitions.

An R-linear code of length n over the alphabet A is a left R-submodule
C C A™. The idea of using a module A as the alphabet for linear codes
goes back to [14].

A monomial transformation of A™ is an R-linear automorphism 7" of
A" of the form

(a1,...,a0)T = (Ao)T1, - - - Gom)Tn),  (a1,...,a,) € A,

where o is a permutation of {1,2,...,n} and 7,...,7, € Aut(A) are
automorphisms of A (being written on the right, as is T'). If the auto-
mophisms 7; are constrained to lie in some subgroup G C Aut(A), we
say that T is a G-monomial transformation of A™.

A weight on the alphabet A is any function w : A — Q with the
property that w(0) = 0. Any such weight extends to a weight w :
A" - Q by w(ar,. .., a,) = > wla).

Given a weight w : A — Q, define the left and right symmetry groups
of w by:

(7.1.1) Gy :={u€eU(R) : w(ua) = w(a), for all a € A},
(7.1.2) G, :={7 € Aut(A) : w(at) = w(a), for all a € A}.

Here, U(R) denotes the group of units of the ring R.

Given a weight w : A — Q, we say that a function f : A" — A"
preserves w if w(zf) = w(x), for all x € A™. Observe that a G,-
monomial transformation preserves w.

Proposition 7.1.1. Assume that the alphabet A is equipped with a
weight w, whose symmetry groups are G; and G,. Suppose that Cy,Cy C
A" are two linear codes of length n over the alphabet A. If there exists
a G,.-monomial transformation T of A™ such that Ci'T = Cy (in which
case we say that Cy and Cy are G,-monomially equivalent), then the
restriction T' : C7 — Cy 1s an R-linear isomorphism that preserves the
weight w.

We describe the converse as a property—the extension property.

Definition 7.1.2. The alphabet A has the extension property (EP)
with respect to the weight w if the following condition holds:

For any two linear codes Cy,Cy C A", if f : C; — (5 is an R-
linear isomorphism that preserves the weight w, then f extends to a
G,-monomial transformation of A™.
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7.2. The case of Hamming weight: sufficient conditions. Any
alphabet A can be equipped with the Hamming weight wt : A — Q,
where wt(0) = 0 and wt(a) = 1 for all nonzero a € A. For x =
(x1,...,2,) € A", observe that wt(z) equals the number of nonzero
entries of the vector . The symmetry groups of the Hamming weight
are as large as possible: G; = U(R), G, = Aut(A).

When the alphabet A is the ring R itself, the symmetry groups of
the Hamming weight are both G; = G, = U(R). If the ring R is a
finite field F,, then G; = G, = (F,)*, the multiplicative group of the
field. In the case of Hamming weight over a finite field, the extension
theorem was proved by MacWilliams.

Theorem 7.2.1 (MacWilliams [17], [18]). A finite field F, has the
extension property with respect to Hamming weight. That s, if f :
Ch1 — Oy is a linear isomorphism between two linear codes Cy,Cy C ]F;‘
such that f preserves Hamming weight, then f extends to a monomial
transformation of Fy.

There are other proofs of this theorem, due to Bogart, et al. [2], and
to Ward and the author [26].
When the alphabet A is a finite ring R, we have the following.

Theorem 7.2.2 ([27, Theorem 6.3]). If R is a finite Frobenius ring,
then the alphabet A = R has the extension property with respect to
Hammang weight.

Combinatorial proofs of this result can be found in [8] and [10].

We next turn to the situation where the alphabet is a module A over
a finite ring R. An important class of alphabets for which the extension
property holds is the class of Frobenius bimodules of finite rings. This
result is due to Greferath, Nechaev, and Wisbauer in [9]. This result
provides the backbone for the proof of Theorem 7.2.7.

A Frobenius bimodule A = rAg is an (R, R)-bimodule such that
rA = RE and Ap = ER. Of course, the character bimodule RfiR is a
Frobenius bimodule,/\ but a Frobenius bimodule need not be isomorphic,
as a bimodule, to pRpy.

Theorem 7.2.3 ([9, Theorem 4.5]). Let R be a finite ring and A be
a Frobenius bimodule over R. Then A has the extension property with
respect to Hamming weight.

One of the key ingredients in the proof of Theorem 7.2.3 is the fol-
lowing lemma.
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Lemma 7.2.4. If A is a Frobenius bimodule, then its character bimod-
ule A satisfies R R
RA = RR and AR = RR.

Moreover, an element p € Aisa generator for Rﬁ if and only if 0 is a
generator for Ag.

Theorems 7.2.2 and 7.2.3 have similar proofs using character theory.
One can express the weight preservation property as an equation of
characters over the module M underlying the isomorphic linear codes.
In turn the characters on M can be viewed as the composition of a
linear map from M to A, followed by a character of A. Because of
the isomorphism between A and R (Lemma 7.2.4), characters on M
are equivalent to scalar multiples of linear maps from M to A. The
linear independence of characters then allows us to match up the coor-
dinate functionals of the two linear codes, thereby achieving the desired
monomial transformation.

Before stating sufficient conditions for the alphabet A to have the
extension property with respect to the Hamming weight wt, we provide
a definition from module theory.

A left module M over a ring R is pseudo-injective if, for every left R-
submodule B C M and every injective R-linear mapping f : B — M,
the mapping f extends to an R-linear mapping f : M — M.

Observe that the definition of pseudo-injectivity is very close to that
of the extension property for linear codes of length 1. In fact, these
two concepts are equivalent, as the following result of Dinh and Lopez-
Permouth demonstrates.

Proposition 7.2.5 ([6, Proposition 3.2]). The alphabet A has the ex-
tension property for linear codes of length 1 with respect to Hamming
weight (i.e., if C1,Cy C A and if f : Cy — Cy is an R-linear iso-
morphism that preserves the Hamming weight wt, then f extends to an
automorphism of A) if and only if the alphabet A is a pseudo-injective
R-module.

The other condition that arises in the statement of the extension
theorem is soc(A) being a cyclic module, i.e., there is a surjective R-
linear homomorphism R — soc(A).

Proposition 7.2.6. The socle soc(A) is a cyclic module if and only if
A can be embedded into rR.
Theorem 7.2.7. An alphabet A has the extension property with respect
to Hamming weight if:

(1) A is pseudo-injective, and
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(2) soc(A) is cyclic.

Under the hypotheses above, one can view linear codes over A as
linear codes over R. Because the extension property holds for codes
over é, there is an extension to a monomial transformation of ™. The
pseudo-injective hypothesis can then be used to show that there is also
an extension to a monomial transformation of A™.

7.3. The case of Hamming weight: necessary conditions. In
this subsection we consider the converses of some of the theorems in
the previous section. The form of the statements are: if an alphabet
A has the extension property with respect to Hamming weight, then
A necessarily satisfies some condition. It turns out that the sufficient
conditions are also necessary.

It is important to observe that Dinh and Lépez-Permouth, in [6] and
7], proved several partial converses and provided a strategy for proving
the converse in full generality.

Theorem 7.3.1 (|28, Theorem 2.3]). Let R be a finite ring. If the
alphabet A = R has the extension property with respect to Hamming
weight, then R is a Frobenius ring.

Theorem 7.3.2 (28, Theorem 5.2|, in part). If the alphabet A has the
extension property with respect to Hamming weight, then:

(1) A is pseudo-injective, and

(2) soc(A) is cyclic.

The key technical result from which Theorems 7.3.1 and 7.3.2 will
follow is:

Theorem 7.3.3 (28, Theorem 4.1)). Let R = M,,(F,) be the ring of
all m x m matrices over a finite field F,, and let A = M,, x(F,) be the
left R-module of all m x k matrices over F,.

If k > m, then the alphabet A does not have the extension property
with respect to Hamming weight.

Specifically, if k > m, there exist linear codes Cy,C_ C AN, N =
H;:ll(l—l—qi), and an R-linear isomorphism f : C. — C_ that preserves
Hamming weight, yet there is no monomial transformation extending
f because the code C'y has an identically zero component while the code
C_ does not.

The objective of Dinh and Lépez-Permouth in [7, Theorem 6] “is to
provide a strategy” for reducing the proof of Theorem 7.3.1 to a non-
extension problem for linear codes defined over certain matrix modules.



24 JAY A. WOOD

Although originally stated for ring alphabets, their ideas, suitably mod-
ified, also work for module alphabets. In outline form, their strategy
has three parts. (1) If a finite ring is not Frobenius, show that its socle
contains a copy of a particular type of module defined over a matrix
ring. (2) Show that counter-examples to the extension property exist
in the context of linear codes defined over this particular matrix mod-
ule. (3) Show that the counter-examples over the matrix module pull
back to give counter-examples over the original ring. Points (1) and
(3) were already carried out in [7], while point (2) is Theorem 7.3.3.
The following theorem, Theorem 7.3.5, shows how points (2) and (3)
are used, assuming the conclusion of point (1). In order to understand
the statement of the Theorem 7.3.5, we first introduce some notation.
If R is a finite ring, then, as rings

(7.3.1) Rfrad(R) = My, (Fy,) © --- @ My, (Fy, ),

for some nonnegative integers n, y1, . . . , i, and prime powers q, . . ., ¢n,
where M,,(F,) is the ring of all m x m matrices over the finite field
[F, of ¢ elements. Indeed, being semisimple, R/rad(R) is a direct sum
of full matrix rings over division rings by a theorem of Wedderburn-
Artin [16, Theorem 3.5]. Since R is finite, the division rings must also
be finite, hence commutative by another theorem of Wedderburn |16,
Theorem 13.1].

Recall that the matrix ring M,,(F) has a standard representation on
the M,,(F)-module M,,;(F) of all m x 1 matrices over F,, via matrix
multiplication. As a left module over itself,

Consequently, as a left R-module, it follows from (7.3.1) that
(7.3.2) r(R/rad(R)) = Ty & - & u, Ty,

where T; denotes the pullback to R via (7.3.1) of the standard left
M,,(F,)-module M,, 1(FF,,) of all y; x 1 matrices over F,,. The simple
left R-modules T}, i = 1,2,...,n, form the complete list of all simple
left R-modules.

Recall that the socle soc(M) of a module M is the sum of all the
simple submodules of M. If we apply this to the alphabet A, we have

(7.3.3) soc(A) X s;Ty @ -+ P 8, T,
where the 7} are the simple R-modules from (7.3.2).

Proposition 7.3.4. The socle soc(A) is a cyclic module if and only if
si < g, fori=1,2,...,n, where the u; are defined in (7.3.1).
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Theorem 7.3.5 ([28, Theorem 5.2]). Let R be a finite ring, and as-
sume that the alphabet A has the property that, for some index i, the
multiplicity s; of T; appearing in soc(A) is strictly greater than the mul-
tiplicity p; of T; appearing in R/rad(R). Then the alphabet A does not
have the extension property with respect to Hamming weight.
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