
238 Chapter Five KEY CONCEPT: THE DEFINITE INTEGRAL

The Notation and Units for the Definite Integral
Just as the Leibniz notation dy ldr for the derivative reminds us that the derivative is the limit of a
ratio of differences, the notation for the definite integral helps us recall the meaning of the integral.
The symbol
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reminds us that an integral is a limit of sums (the integral sign is an old-fashioned S) of terms of the
form"/(r)  t imesasmal ld i f ference of  r . "  Off ic ia l ly ,  dr is notaseparateent i ty,butapartof  the
whole integral symbol. Just as one thinks of dldx as a single symbol meaning "the derivative with

respect to e of. .. ," one can think of [: ... dr as a single symbol meaning "the integral of . .. with
respect to tr."

However, many scientists and mathematicians informally think of dr as an "infinitesimally"
small bit of r multiplied by f (r). This viewpoint is often the key to interpreting the meaning of a
definite integral. For example, if /(t) is the velocity of a moving particle at time f, then f (t) dt may
by thought of informally as velocity x time, giving the distance traveled by the particle during a

small bit of time dt. The integrul fi f (t) dt may then be thought of as the sum of all these small
distances, giving us the net change in position of the particle between t - a and f - b. The notation
for the integral suggests units for the value of the integral. Since the terms being added up are
products of the form "/(r) times a difference in rl'tbe unit of measurement for Il f @)d,r rs
the product of the units for /(r) and the units for r. For example, if /(t) is velocity measured in
meters/second and f is time measured in seconds, then
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has units of (meters/sec)x(sec) - meters. This is what we expect, since the value of this integral
represents change in position.

As another example, graph A : f @) with the same units of measurement of length along the
r- and g-axes, say cm. Then /(r) and r are measured in the same units, so

is measured in square units of cm x cm : cm2. Again, this is what we would expect since in this
context the integral represents an area.

The Definite Integral as an Average
We know how to find the average of n numbers: Add them and divide by n. But how do we find the
average value of a continuously varying function? Let us consider an example. Suppose /(t) is the
temperature at time f, measured in hours since midnight, and that we want to calculate the average
temperature over a }4-hour period. One way to start is to average the temperatures at n equally
spaced t imes, t r , tz, .  .  .  , tn,  dur ing the day.

Average temperature r / ( t ' )  +  f ( tz )+  .  . .  +  f ( t . )
n

The larger we make n, the better the approximation. We can rewrite this expression as a fuemann
sum over the interval 0 < t < 24 if we use the fact that Af : 24f n, so ?z : 24lA,t:

Average temperature ! / ( t r )  + f ( t z )  + ' .  + f ( t ^ )
24lLt
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As n -+ oo, the Riemann sum tends towards an integral, and Ll24 of the sum also approximates the

average temperature better. It makes sense, then, to write
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We have found a way of expressing the average temperature over an interval in terms of an integral.

Generalizing for any function "f, if a ( b, we define

Average vatue.of / _ _l_ fo y p1 on.
f r o m a t o b  b - a J o

How to Visualize the Average on a Graph

The definition of averase value tells us that

(Average value of /) . (b - a) - [ '  
.1610r.
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Let's interpret the integral as the area under the graph of /. Then the average value of / is the height

of a rectangle whose base is (b - o) and whose area is the same as the area under the graph of /.
(See Figure 5.29.)
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Figure 5.29: Area and average value

Suppose that C(t) represents the daily cost of heating your house, measured in dollarsoPet day,

where I is time measured in days and f : 0 corresponds to January 7,200L Interpret I C1q at
J o
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The units for the inregral fno ,(r) d,t are(dollars/day) x (days) : dollars. The integral represents
J o

the total cost in dollars to-heat your house for the first 90 days of 2001, namely the months of

January, February, and March. The second,expression is measured in (1/daysXdollars) or dollars

per day, the same units as C (t).It represents the average cost per day to heat your house during the

first 90 davs of 2001.


