
Abstract

We consider spectral radius algebras associated to C0 contractions. When the operator A is algebraic, we

describe all invariant subspaces that are common for operators in its spectral radius algebra BA. In all other

situations BA is weakly dense and we characterize a set of rank one operators in BA that is weakly dense in

L(H).
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Let H be a complex Hilbert space, and let L(H) denote the algebra of all bounded linear

operators on H. Given an operator A ∈ L(H) with spectral radius r we define a sequence of

positive numbers dm = m/(1 + rm) and operators Rm =
(∑∞

n=0 d
2n
mA

∗nAn
)1/2. The spectral

radius algebra BA consists of all operators T ∈ L(H) such that supm∈N ‖RmTR−1
m ‖ <∞. The

study of these algebras started in [6] where it was shown that, when A is compact, the algebra

BA has a nontrivial invariant subspace. A similar result followed for some normal operators

[3]. A major role in these results was played by the ideal QA = {T : ‖RmTR−1
m ‖ → 0}. We

state the facts that will be used in this paper and we direct the reader to the articles [2] – [9]

for more information.

Proposition 0.1. Let A be an operator in L(H). When AT = λTA, for some λ ∈ C,

|λ| ≤ 1, then T ∈ BA. In particular, the commutant {A}′ ⊂ BA. If there exists a non-zero

compact operator in QA then BA has n. i. s. Finally, BA = L(H) if and only if the operator

A is similar to a constant multiple of an isometry.

A contraction A is completely nonunitary if there is no invariant subspace M for A such

that A|M is a unitary operator. A completely nonunitary contraction A is said to be of class

C0 if there exists a nonzero function h ∈ H∞ such that h(A) = 0. The inner function v such

that vH∞ = {u ∈ H∞ : u(A) = 0} is the minimal function of A and is denoted by mA. The

operator A is algebraic if there is a polynomial p such that p(A) = 0.

c© XXXX Australian Mathematical Society 0263-6115/XX $A2.00 + 0.00

2



One of the most studied concrete Hilbert spaces is the Hardy space H2, and one of the

best understood operators is the unilateral shift. Throughout the paper we will use S to

denote the forward unilateral shift of multiplicity 1, and {en}∞n=0 the orthonormal basis such

that Sen = en+1, n ≥ 0. One knows that S can be viewed as multiplication by z on H2. The

classical result of Beurling states that every invariant subspace of S is of the form θH2 for

some inner function θ. The compression of S to H2 	 θH2 is called a Jordan block. This

subspace will be denoted by H(θ) and the compression in question by S(θ).

At this stage it is useful to point out that the term Jordan block has a different meaning in

Linear Algebra. For example, if θ(z) = µα(z)2µβ(z)3, where µ is the Möbius transformation

µλ(z) = (z − λ)/(1 − λz), then S(θ) acts on the space of dimension 5 and it is a direct sum

of two Jordan blocks. To avoid confusion, we will say that, in this example, S(θ) is a direct

sum of two simple Jordan blocks.

This paper can be viewed as a sequel to [9]. We continue the study of spectral radius

algebras associated to C0 contractions. However, in the previous paper, the emphasis was on

establishing that the inclusion {A}′ ⊂ BA is proper. Here, our focus is on the structure of the

algebra BA. In particular, we will show that the situation is significantly different depending

on whethermA is a finite Blaschke product or not. In the latter case, BA is always weakly dense

in L(H). (Throughout the paper all references to density will be about the weak density.)

We will establish this fact by characterizing the set N of rank one operators in BA and by

showing that it is dense in L(H). This set will be more transparent in the case when A = S(θ)

(Theorem 5) and to a lesser extent for a general contraction of class C0 (Theorem 18). The

case when A is algebraic will be studied using mostly the finite dimenisonal tools. For such

an operator, the quasi-similarity model S(Θ) is a direct sum (possibly infinite)
⊕

k S(θk) but

each operator S(θk) acts on a finite dimensional space. Therefore, S(Θ) is similar to a direct

sum of simple Jordan blocks and, moreover, S(Θ) = S(Θ1) ⊕ S(Θ2) where S(Θ2) contains

all the blocks with maximal eigenvalues (i.e., of absolute value equal to the spectral radius

of A). Our main result for algebraic C0 conractions (Theorem 21) is that if, relative to this

decomposition, T =

T1 T2

T3 T4

 ∈ BS(Θ) then T3 = 0 and T4 consists of upper triangular

blocks (relative to the representation of S(Θ2) as a direct sum of simple Jordan blocks).
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Before we address the general case we will investigate the basic C0 contraction S(θ).

First we assume that θ is not a finite Blaschke product so that H(θ) is infinite dimensional.

We will make use of two operators acting on H2. For f =
∑

k≥0 fkek ∈ H2 we define

Df =
∑

k≥1

√
kfkek−1 and Jf =

∑
k≥0(fk/

√
k + 1)ek+1. We start with the following result.

Proposition 0.2. The set N = {u ∈ H(θ) : Du ∈ H2} is dense in H(θ).

Proof. Suppose, to the contrary, that there exists h ∈ H(θ) such that h ⊥ N . Notice

that, if g is any function satisfying g ⊥ J(θH2) then J∗g ∈ N . Therefore, h ⊥ J∗g and

Jh ⊥ g which implies that Jh belongs to the closure of J(θH2). In other words, there exists

a sequence of polynomials {pn} such that J(θpn) → Jh in the norm of H2. All the more,

J(θpn − h) → 0 weakly. Let f ∈ H2. Then 〈θpn − h, J∗f〉 = 〈J(θpn − h), f〉 → 0. Since

the range of J∗ is dense, it follows that θpn − h → 0 weakly. In particular, for any v ∈ H2,

〈θpn − h, θv〉 → 0. But 〈h, θv〉 = 0 so 〈θpn, θv〉 → 0. Taking into account that multiplication

by θ is an isometry we see that 〈pn, v〉 → 0, i.e., the sequence pn weakly converges to 0.

Consequently, the same is true of J(θpn). However, J(θpn)→ Jh, and it follows that Jh = 0

and, hence, that h = 0. We conclude that N is dense in H(θ).

Next we demonstrate the significance of N .

Theorem 0.3. Let θ be an inner function that is not a finite Blaschke product. A rank

one operator u⊗ v ∈ BS(θ)∗ if and only if u ∈ N .

Proof. The assumption on θ guarantees that the spectral radius r(S(θ)) equals 1, so

dm(S(θ)) = dm(S∗) = m/(m+ 1). Relative to the decomposition H2 = θH2 ⊕H(θ) we have

R2
m(S∗) =

? ?

? R2
m(S(θ)∗)

 .

Let u ∈ N . Then, relative to the same decomposition, u can be identified with w =

0 ⊕ u. Clearly, 〈R2
m(S∗)w,w〉 = 〈R2

m(S(θ)∗)u, u〉 so ‖Rm(S∗)w‖ = ‖Rm(S(θ)∗)u‖. No-

tice that Dw = Du ∈ H2 which means that
∑
|
√
kwk|2 < ∞. A straightforward cal-

culation shows that Rm(S∗) can be represented in the basis {ek} as a diagonal matrix
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diag (αm,0, αm,1, . . . ) where αm,k = 1+d2
m+d4

m+· · ·+d2k
m . Now Rm(S∗)w = Rm(S∗)

∑
wkek =∑

wkRm(S∗)ek =
∑
wkαm,kek, and ‖Rm(S∗)w‖2 =

∑
|wk|2|αm,k|2 ≤

∑
|wk|2(k + 1) so it

follows that supm ‖Rm(S∗)w‖ < ∞. Since R−1
m is always a contraction, we see that, for any

v ∈ H(θ), u⊗ v ∈ BS(θ)∗ . This shows that the condition u ∈ N is sufficient and, in addition,

that the algebra BS(θ)∗ contains a dense set N so it is dense in L(H(θ)).

Suppose now that u ⊗ v ∈ BS(θ)∗ . Then ‖Rm(S(θ)∗)u‖‖R−1
m (S(θ)∗)v‖ is a bounded se-

quence, so supm ‖Rm(S(θ)∗)u‖ <∞ or limm ‖R−1
m (S(θ)∗)v‖ = 0. However, the latter is impos-

sible. Indeed, if there exists such a non-zero vector v, then ‖Rm(S(θ)∗)u‖‖R−1
m (S(θ)∗)v‖ → 0

for any u ∈ N. In other words, u ⊗ v ∈ QS(θ)∗ and it would follow from Proposition 0.1

that the algebra BS(θ)∗ has a nontrivial invariant subspace, contradicting the fact that it

is dense. Thus, ‖Rm(S(θ)∗)u‖ must be bounded and, just like above, if w = 0 ⊕ u, then

supm ‖Rm(S∗)w‖ <∞. Consequently, there exists M > 0 such that
∑
|wk|2|αm,k|2 ≤M , for

all m ∈ N. Since the last series converges uniformly in m, we can pass to the limit as m→∞.

We obtain that
∑
|wk|2(k + 1) ≤M which implies that Dw ∈ H2 and u ∈ N.

As a consequence of Proposition 0.2 and Theorem 0.3 we obtain the following characteri-

zation.

Theorem 0.4. Let θ be an inner function that is not a finite Blaschke product. Then the

algebra BS(θ)∗ is dense in L(H(θ)). Moreover, it contains a dense set of rank one operators,

and u⊗ v ∈ BS(θ)∗ if and only if u ∈ N, with N as in Proposition 0.2.

In order to describe BS(θ) we employ a connection between the Jordan block S(θ) and

the operator S(θ̃)∗, where θ̃(z) = θ(z). We recall (cf., [1, Corollary 3.1.7]) that there exists

a unitary operator U : H(θ) → H(θ̃) such that S(θ̃)∗U = US(θ). Further, [3, Theorem 2.4]

implies that there exists an isomorphism U : BS(θ) → BS(θ)∗ defined by U(X) = UXU∗. Using

Theorem 0.4 we obtain that BS(θ) is dense. We omit the proof since it is straightforward.

Theorem 0.5. Let θ be an inner function that is not a finite Blaschke product. Then

the algebra BS(θ) is weakly dense in L(H(θ)). Moreover, it contains a dense set of rank one

operators and u⊗ v ∈ BS(θ) if and only if u ∈ N ′ ≡ {u ∈ H(θ) : DUu ∈ H2}, where U is the

unitary operator such that S(θ̃)∗U = US(θ).
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Remark. In [1, Exercise 5, p. 42] the operator U is given explicitly. Using this formula,

a short calculation shows that the condition DUu ∈ H2 can be written as

∑
m≥1

m

∣∣∣∣∣∣
∑
j≥0

θm+j+1uj

∣∣∣∣∣∣
2

<∞

where θk and uk are Taylor coefficients of θ and u, resp.

Now we turn our attention to the case when θ is a finite Blaschke product so S(θ) acts

on a finite dimensional space. In this situation, S(θ) can be represented as a direct sum of

simple Jordan blocks. More precisely, S(θ) =
⊕n

i=1 Jαi where

Jαi =


αi 1

αi 1
. . . . . .

αi 1

 .

We start with the case when n = 1. The following result is a combination of [4, Theorem

4.7] and a fact that can be found in its proof. Following its lead, we will use λm to denote

1/(1− |α|2d2
m), and the symbol ∼ to denote the same rate of growth (as m→∞).

Theorem 0.6. Let α be a complex number and let Jα be the simple N ×N Jordan block

with eigenvalue α 6= 0. If Rm = Rm(Jα) then det(Rm) ∼ λN
2

m . Also, (R2
m)i,j — the (i, j)

entry of R2
m — satisfies (R2

m)i,j = (i+ j)!/(i!j!)λi+j+1
m + qi+j(λm), where qi+j is a polynomial

of degree up to i+ j. Therefore, (R2
m)i,i ∼ λ2i+1

m .

Now we can describe the algebra BJα .

Theorem 0.7. The spectral radius algebra associated to a simple Jordan block Jα is the

algebra of all upper triangular matrices.

Proof. We consider separately the cases α 6= 0 and α = 0. Let α 6= 0, let Jα be of the size

N ×N , and let e0, e1, e2, . . . , eN−1 be the appropriate basis for CN . We will show that a rank

one operator ei ⊗ ej belongs to BJα if and only if i ≤ j. Notice that ‖Rmei‖2 = 〈R2
mei, ei〉,

the (i, i) entry of R2
m. By Theorem 0.6, ‖Rmei‖2 ∼ λ2i+1

m .
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Similarly, ‖R−1
m ej‖2 equals the (j, j) entry of R−2

m . One knows that this entry can be

calculated by dividing the cofactor Ajj corresponding to the (j, j) entry of R2
m by the de-

terminant of R2
m. By Theorem 0.6, the latter determinant behaves asymptotically as λN

2

m ,

so we turn our attention to Ajj . Let L1 and L2 stand for diagonal matrices diag (λkm)N−1
k=0

and diag (λk+1
m )N−1

k=0 , let B be the matrix with (m,n) entry
(
m+n
m

)
, and let L′1, L′2, and B′

denote L1, L2, and B with the jth rows and columns deleted. The matrix Mjj (obtained by

deleting the jth row and column from R2
m) is asymptotically equal to L′1B

′L′2. Therefore,

Ajj ∼ det(L′1) det(B′) det(L′2). Now, det(L′1) = λ
1+2+···+(N−1)−j
m = λ

(N−1)N/2−j
m and, simi-

larly, det(L′2) = λ
N(N+1)/2−(j+1)
m . Of course, det(B) is independent of m, so Ajj ∼ λN

2−(2j+1)
m .

It follows that ‖R−1
m ej‖2 ∼ λ−2j−1

m , and ‖Rmei‖2‖R−1
m ej‖2 ∼ λ2(i−j)

m . Since λm →∞ the rank

one operator ei⊗ ej ∈ BJα if and only if i ≤ j. This shows that every upper triangular matrix

belongs to BJα , and the converse follows from the observation that, for any matrix A = (amn),

em ⊗ emAen ⊗ en = amnem ⊗ en.

The case when α = 0 leads to a different form for Rm. Let J0 be the simple Jordan

block of size N ×N corresponding to the eigenvalue α = 0. A calculation shows that Rm =

diag (1, αm,1, αm,2, . . . , αm,N−1) where αm,k = (1 + d2
m + · · · + d2k

m )1/2. If T = (tij) then

RmTR
−1
m = (αm,itijα−1

m,j). Since the spectral radius of J0 is 0 we have that dm = m and

αm,k →∞ as m→∞. Consequently, T ∈ BJ0 if and only if tij = 0 for i > j, i.e., if and only

if T is an upper triangular matrix.

Next we consider a slightly more complicated scenario. Namely, we will assume that θ has

more than one zero, but that they are all of the same modulus. The corresponding operator

S(θ) is then a direct sum of simple Jordan blocks, which need not be of the same size. Thus,

in the block representation of the matrix for this operator, the off-diagonal blocks may be

rectangular. We will extend the meaning of an upper triangular matrix to apply to such

blocks. Namely, if A = (aij)1≤i≤n, 1≤j≤m, then A is upper triangular if aij = 0 whenever

i > j. Similarly, A is diagonal if aij = 0 for i 6= j. Now we can prove an extension of

Theorem 0.7.

Proposition 0.8. Let N,K be positive integers, let Jα, Jβ be simple Jordan blocks with
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the eigenvalues α, β of size N × N , K × K, resp., and suppose that α 6= β, |α| = |β|. If

J = Jα ⊕ Jβ and {ek}N+K−1
k=0 is the appropriate basis for CN+K , then ei ⊗ ej ∈ BJ if and

only if i and j satisfy: i ≤ j when 0 ≤ i, j ≤ N − 1 or N ≤ i, j ≤ N + K − 1; i ≤ j − N

when 0 ≤ i ≤ N − 1 and N ≤ j ≤ N + K − 1; i ≤ j + N when N ≤ i ≤ N + K − 1 and

0 ≤ j ≤ N − 1. In other words, a block matrix T =

T1 T2

T3 T4

 belongs to BJ if and only if

each of the 4 blocks is upper triangular.

Proof. We notice that Rm(J) = Rm(Jα)⊕Rm(Jβ) so the estimates for ‖Rmei‖2 depend

on whether i ≤ N −1 or i ≥ N . Using the same computations as in the proof of Theorem 0.7,

together with the fact that the quantity λm depends only on the modulus of the eigenvalue,

we see that, when α 6= 0, ‖Rmei‖2 ∼ λ2i+1
m if 0 ≤ i ≤ N − 1 or ‖Rmei‖2 ∼ λ

2(i−N)+1
m if

N ≤ i ≤ N+K−1. Similarly, ‖R−1
m ej‖2 ∼ λ−2j−1

m if 0 ≤ j ≤ N−1 or ‖R−1
m ej‖2 ∼ λ−2j+2N−1

m

if N ≤ j ≤ N +K− 1. The rest of the proof, inclusing the case α = 0, is straightforward.

Remark. If the ordered basis {ek} is replaced by its permutation e0, eN , e1, eN+1, . . . ,

eK−1, eN+K−1, eK , eK+1, . . . , eN−1 then the matrix for T becomes upper triangular. (Clearly,

we have used the assumption N > K. A similar permutation can be written if N < K. If

N = K no permutation is necessary since T is already upper triangular.)

It is easy to see that Proposition 0.8 can be extended to the case when θ has any finite

number of (distinct) zeros of the same absolute value.

Corollary 0.9. Let J = Jα1 ⊕ Jα2 ⊕ · · · ⊕ Jαn, where |αk| = α, 1 ≤ k ≤ n, and each

simple Jordan block Jαk is of dimension Nk×Nk. If N = N1 +N2 + · · ·+Nn then an operator

T = (Tij)Ni,j=1 ∈ BJ if and only if each block Tij is upper triangular.

It remains to consider the situation in which the zeros of θ can be of different absolute

value. Here we will prove a more general result which is true regardless of the dimension of

Hilbert space.

Proposition 0.10. Let Ak ∈ L(Hk), k = 1, 2, let A = A1 ⊕ A2, and suppose that

8



r(A1) < r(A2). If an operator T =

T1 T2

T3 T4

 ∈ BA then T1 and T2 can be any operators and

T4 ∈ BA2. If, in addition, BA2 contains each rank one operator ei ⊗ ei, for some orthonormal

basis {en}, then T ∈ BA if and only if T3 = 0 and T4 ∈ BA2.

Proof. Let Cm =
∑
dm(A)2nA∗1

nAn1 . Notice that R2
m(A) = Cm⊕R2

m(A2) since dm(A) =

dm(A2). The inequality r(A1) < r(A2) implies that the sequence Cm is norm bounded.

Consequently, ‖CmT1C
−1
m ‖ and ‖CmT2Rm(A2)−1‖ are bounded for any T1, T2. Further, the

sequence C−1
m is bounded from below. Thus, if ũ = 0 ⊕ u and ṽ = v ⊕ 0 then ‖Rm(A)ũ ⊗

ṽRm(A)−1‖ → ∞. This means that T3 = 0 because T ∈ BA if and only if em⊗emTen⊗en ∈ BA

for all m,n. Finally, ‖Rm(A2)T4Rm(A2)−1‖ is bounded if and only if T4 ∈ BA.

Remark. The condition that BA2 contains rank one operators in Proposition 0.10 is essen-

tial for the conclusion that T3 = 0. Indeed, if A2 = 0⊕ 1 and T3 = 1⊕ 0 then Rm(A2)T3 = T3

whence the boundedness of C−1
m implies that supm ‖Rm(A2)T3C

−1
m ‖ <∞.

Now we can prove the most general result for the case when S(θ) acts on a finite dimen-

sional space.

Theorem 0.11. Let N1, N2, . . . , Nn and K1,K2, . . . ,Km be positive integers, N = N1 +

· · ·+Nn, K = K1+· · ·+Km, and let {αi}ni=1, {β}mj=1 be two sequences of complex numbers such

that |α1| < |α2| < · · · < |αn| < |β1| = |β2| = · · · = |βm|. Suppose that simple Jordan blocks

Jαi , Jβj are of dimensions Ni×Ni, Kj×Kj, resp., let Jα = Jα1⊕· · ·⊕Jαn, Jβ = Jβ1⊕· · ·⊕Jβm,

and J = Jα⊕Jβ. Relative to the decomposition CN+K = CN ⊕CK , let T =

T1 T2

T3 T4

. Then

T ∈ BJ if and only if T3 = 0 and T4 ∈ BJβ .

Proof. Clearly r(Jα) < r(Jβ) and, by Corollary 0.9, ei⊗ei ∈ BJβ . The result now follows

from Proposition 0.10.

In the remainder of the paper we will apply the results about Jordan blocks to describe

BA for any A ∈ C0. One knows (cf., [1, Theorem 3.5.1]) that there exist inner functions {θk}

such that θk+1|θk, and Hilbert spaces Hk so that A is quasisimilar to a direct sum of Jordan
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blocks S(Θ) ≡
⊕

k S(θk), acting on
⊕

kHk. Therefore, we need to establish some fact about

spectral radius algebras associated to quasi-similar operators. We start with a result from [9].

Recall that an operator Z ∈ L(H) is a quasi-affinity if it has trivial kernel and dense range.

Lemma 0.12. Suppose that A and B are quasisimilar C0 contractions and let Y,Z be

quasi-affinities such that AY = Y B and ZA = BZ. If T ∈ BB then Y TZ ∈ BA.

Now we will establish a much stronger result.

Theorem 0.13. Suppose that A and B are quasi-similar C0 contractions and let Y,Z be

quasi-affinities such that AY = Y B and ZA = BZ. Then BA is weakly dense in L(H) if and

only if the same is true of BB. Moreover, if one of the algebras possesses a dense set of rank

one operators, so does the other one. In fact, if there is a dense set N such that, for any

u ∈ N , supm ‖Rm(A)u‖ <∞, then supm ‖Rm(B)w‖ <∞, for any w in the dense set ZN .

Proof. Suppose that BB is dense, let ε > 0, and let W ∈ L(H). Since Y and Z∗ have

dense ranges, the set {Y u⊗ Z∗v : u, v ∈ H} is dense in L(H) so there are u, v ∈ H such that

W1 ≡ Y u ⊗ Z∗v satisfies |〈(W1 −W )x, y〉| < ε‖x‖‖y‖, for all x, y ∈ H. Also, BB is dense,

hence there exists an operator W2 ∈ BB such that |〈(W2 − u ⊗ v)x, y〉| < ε‖x‖‖y‖, for all

x, y ∈ H. By Lemma 0.12, YW2Z ∈ BA and |〈(YW2Z −W )x, y〉| < ε(‖Z‖‖Y ‖ + 1)‖x‖‖y‖,

whence BA is dense in L(H). Also, if W2 is a rank one operator then so is YW2Z. Finally,

since A and B share the same quasi-similarity model they have the same spectral radius and,

thus, dm(A) = dm(B). Since ‖BnZ‖ = ‖ZAn‖ ≤ ‖Z‖‖An‖ we obtain that ‖Rm(B)Zu‖ ≤

‖Z‖‖Rm(A)u‖.

With Theorem 0.13 in hand, we proceed to analyze the operator S(Θ). It turns out that,

as before, there are two very different cases, depending on the type of the minimal function

of A. We present these results separately (Theorems 0.14 and 0.17 below).

Theorem 0.14. Let A be a C0 contraction and let mA be its minimal function. If mA is

not a finite Blascke product then the algebra BA contains a dense set of rank one operators,

so it is dense.
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Proof. Suppose first that none of the functions θk in the quasi-similarity model S(Θ) is

a finite Blaschke product. By Theorem 0.5, for all k, there is a dense set of vectors Nk ⊂ Hk
such that supm ‖Rm(S(θk)u‖ <∞, for all u ∈ Nk. Then N ≡

⊕
Nk is dense in

⊕
kHk and,

for all u ∈ N , supm ‖Rm(S(Θ))u‖ <∞. Clearly, ZN is dense and, by Theorem 0.13, for any

w ∈ ZN , supm ‖Rm(A)w‖ <∞.

Thus, we turn our attention to the case when there exists k0 > 0 such that θk is a finite

Blaschke product for k ≥ k0 but not for k < k0. In this situation we will use the notation

S(Θ1) =
⊕

k≥k0 S(θk) and S(Θ2) =
⊕

k<k0
S(θk), so S(Θ) = S(Θ1) ⊕ S(Θ2). Notice that

r(S(Θ1)) < r(S(Θ2)) = 1. If T =

T1 T2

T3 T4

 ∈ BS(Θ) (relative to the same decomposi-

tion) then it follows from Proposition 0.10 that T1 and T2 are arbitrary, and T4 belongs to

BS(Θ2) (which contains a dense set of rank one operators). When it comes to T3, it satis-

fies the condition supm ‖Rm(S(Θ2))T3Rm(S(Θ1))−1‖ < ∞. Again, it is not hard to see that

Rm(S(Θ2)) =
⊕

k<k0
Rm(S(θk)) and

⊕
k<k0

Nk is dense in
⊕

k<k0
Hk.

It remains to consider the case when mA is a finite Blaschke product. In this situation,

the same is true of θ0, so there is a finite number of distinct inner functions in S(Θ). Let

{αi}ni=1, {β}mj=1 be the zeros of these inner functions such that |α1| < |α2| < · · · < |αn| <

|β1| = |β2| = · · · = |βm|. We denote J ′k (resp., J ′′k ) a direct sum of finitely or infinitely many

copies of all simple Jordan blocks with the eigenvalue αk (resp., βk) so that S(Θ) is similar to

a direct sum J ′k ⊕ J ′′k . In order to apply Proposition 0.10 we need to understand the algebra

BJ ′′k . Notice that J ′′k is a (possibly infinite) direct sum of a finite number of distinct simple

Jordan blocks. We split these blocks into two sets — those that are repeated infinitely many

times and those that are repeated finitely many times. Of course, if the former set is empty,

the characterization of BJ ′′k was obtained in Corollary 0.9. Our first step will be to consider

the case when the latter set is empty.

Theorem 0.15. Let J = Jα1 ⊕ Jα2 ⊕ · · · ⊕ Jαn, where |αk| = α, 1 ≤ k ≤ n, and each

simple Jordan block Jαk is of dimension Nk × Nk. Let N = N1 + N2 + · · · + Nn and let A

be a direct sum of infinitely may copies of J . If T = (Tij)∞i,j=1 relative to the decomposition

H = CN1 ⊕CN2 ⊕ · · · ⊕CNn ⊕CN1 ⊕CN2 ⊕ · · · ⊕CNn ⊕ . . . , then T ∈ BA if and only if each
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block Tij is upper triangular.

Proof. We will start by switching to a different permutation of the orthonormal basis.

We will achieve this in several stages. First we will permute the first N vectors, just like in Re-

mark , so that a matrix belongs to BJ if and only if it is upper triangular. Then we will do the

same permutation with the next N vectors, etc. Finally, if this new basis is denoted by {en},

we will use the ordering e1, eN+1, e2N+1, . . . , e2, eN+2, e2N+2, . . . , eN−1, e2N−1, e3N−1, . . . . No-

tice that the statement that each matrix Tij is upper triangular in {en} is equivalent to the

fact that T is block upper triangular in the new ordering; more precisely T = (Cij)∞i,j=1, and

Cij = 0 when i > j. For the rest of the proof we will work in this new basis, which we will

denote {ẽn}. The same estimates that were used in the proof of Theorem 0.7 now show that

BA contains a rank one operator ẽi ⊗ ẽj if and only if the non-zero entry lies in one of the

upper blocks Cmn (with m ≤ n). In particular, it contains every rank one operator of the form

ẽi⊗ ẽi. Consequently, BA cannot contain an operator that is not in the upper block triangular

form, because if tpq is a nonzero entry of an operator T ∈ BA then ẽp⊗ ẽpT ẽq⊗ ẽq = tpq ẽp⊗ ẽq.

That shows that the upper triangularity condition is necessary.

To prove that it is sufficient, let T be a block upper triangular matrix. If, in the basis

{en}, the matrices for Rm(Jα) and R−1
m (Jα) are (r(m)

ij )Ni,j=1 and (s(m)
ij )Ni,j=1, resp., then in

{ẽn} the matrices for Rm(A) and R−1
m (A) are (r(m)

ij I)Ni,j=1 and (s(m)
ij I)Ni,j=1. Now RmTR

−1
m is

an N × N matrix with operator entries, so it suffice to prove that each of its N2 blocks

remains bounded as m → ∞. To that end, let i, j be fixed. Then the (i, j) block of

RmTR
−1
m equals

∑N
k,l=1 r

(m)
ik Ckls

(m)
lj so it suffices to prove that supm ‖r

(m)
ik Ckls

(m)
lj ‖ < ∞

for each pair k ≤ l. Since Ckl is a bounded operator the last condition is equivalent

to supm |r
(m)
ik s

(m)
lj | < ∞. Notice that |r(m)

ik | ≤ ‖(r
(m)
1k , r

(m)
2k , . . . , r

(m)
Nk )‖ = ‖Rmek‖. Simi-

larly, |s(m)
lj | ≤ ‖(s

(m)
l1 , s

(m)
l2 , . . . , s

(m)
lN )‖ = ‖(R−1

m )trel‖, where Xtr stands for the transpose

of X. It was observed in the proof of Theorem 0.7 that the dominant part of Rm is

a symmetric matrix, so ‖(R−1
m )trel‖ behaves asymptotically as ‖(R−1

m )el‖. Consequently,

supm |r
(m)
ik s

(m)
lj | ≤ supm ‖Rmek‖‖(R−1

m )el‖ <∞ since k ≤ l, and the theorem is proved.

Next we address the situation when J ′′k is a direct sum of simple Jordan blocks in which

12



some blocks are repeated finitely many times, and others infintely many times.

Theorem 0.16. Let J1 = Jα1 ⊕ Jα2 ⊕ · · · ⊕ Jαn, J2 = Jαn+1 ⊕ Jαn+2 ⊕ · · · ⊕ Jαn+m, where

|αk| = α, 1 ≤ k ≤ n+m, and each simple Jordan block Jαk is of dimension Nk ×Nk. Let A

be a direct sum of infinitely may copies of J1 followed by J2. If T = (Tij)∞i,j=1 relative to the

decomposition H = CN1 ⊕CN2 ⊕ · · · ⊕CNn ⊕CN1 ⊕CN2 ⊕ · · · ⊕CNn ⊕ · · · ⊕CNn+1 ⊕CNn+2 ⊕

· · · ⊕ CNm+n, then T ∈ BA if and only if each block Tij is upper triangular.

Proof. Let Ĥ = H⊕H′, where H′ = CNn+1⊕CNn+2⊕· · ·⊕CNm+n⊕CNn+1⊕CNn+2⊕· · ·⊕

CNm+n ⊕ . . . , and let Ĵ = J ⊕Jαn+1 ⊕Jαn+2 ⊕· · ·⊕Jαm+n ⊕Jαn+1 ⊕Jαn+2 ⊕· · ·⊕Jαm+n ⊕ . . . .

We identify an operator T acting on H with T ⊕ 0 acting on Ĥ. Then Rm(Ĵ)T̂R−1
m (Ĵ) =

Rm(J)TR−1
m (J) and the result follows from Theorem 0.15 since Ĵ satisfies its hypotheses.

Combining Corollary 0.9, Theorem 0.15, and Theorem 0.16 we obtain our final theorem.

Theorem 0.17. Let A be a C0 contraction on H and let mA be its minimal function. If

mA is a finite Blascke product then A is quasi-similar to S(Θ) — a finite or infinite direct

sum of simple Jordan blocks. Further, S(Θ) = S(Θ1)⊕S(Θ2) where all blocks in S(Θ1) (resp.,

S(Θ2)) have the eigenvalue of absolute value less than (resp., equal to) the spectral radius of

A. If T =

T1 T2

T3 T4

 relative to this decomposition, then T ∈ BS(Θ) if and only if T3 = 0

and T4 ∈ BS(Θ2). Moreover, S(Θ2) =
⊕
Jαk and, relative to this decomposition, an operator

T = (Tij) ∈ BS(Θ2) if and only if each Tij is upper triangular.
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