AN EXTREMAL PROBLEM IN INTERPOLATION THEORY

SRDJAN PETROVIC

ABSTRACT. If 21,29,...,2, are complex numbers in the open unit disk D
and A1, Ag,..., Ay are N X N matrices, let F denote the family of analytic
functions, bounded in D, such that for each F € F, F(z) = Ay, k =
1,2,...,n. We consider p = infpc 7 sup,¢p | F(2)|sp where | - |sp denotes the
spectral radius. H. Bercovici has raised the question whether this infimum
is attained. We will show that the answer is affirmative for N < 3, and we
point out at the obstructions to generalize this result to the case N > 3.

1. INTRODUCTION

Let D be the open unit disk in the complex plane C. If f : D — C we use
the notation ||f|| = sup{|f(2)| : z € D}, and B={f : D — C: || f|| < 1}. Let
n be a positive integer, and let 21, 29,..., 2y, W1, Ws, . .., W, be complex numbers
in D such that z; # z; if ¢ # j. The classical Nevanlinna—Pick interpolation
problem asks for conditions under which there exists a function f € B such that
fzp) =wk, k=1,2,...,n. In a more general form, one can replace the complex
numbers w1, wo, . . ., w, by N X N matrices, for an arbitrary positive integer IV, or
even operators on infinite dimensional Hilbert space (see e. g. [6]). Also, the class
B can be replaced by various classes of functions. Some of the commonly asked
questions in these circumstances are whether a solution exists and, if it does, one
can further investigate whether the solution is unique. Finally, in the absence of
uniqueness, one can search for a solution possessing some extremal properties.

In this paper we consider the case when wy, ws, ..., w, are N x N complex ma-
trices Ay, As, ..., A, for an arbitrary positive integer N, and the class of functions
that are analytic and bounded in the open unit disk D with values in My — the
algebra of complex N x N matrices. Let F = F(z1,22,...,2n; 41, A2,..., AN)
consist of all such functions that, in addition, satisfy F'(z) = A, k=1,2,...,N.
For each function F € F and each z € D it is of interest to evaluate the spectral
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radius of F(z) (notation: |F(z)|sp) and then to define
= inf F .
p = fuf sup|F(z)ls
In [1] Hari Bercovici has posed the following extremal problem:

Problem 1.1. Let n and N be positive integers, let z1,z29,...,2, € D, and let
Ay, As, ..., Ay be N x N matrices. Let F denote the set of functions F': C — My
that are analytic and bounded in D, and such that for every FF € F and 1 < k < n,
F(Zk) = Ak. Let
= inf sup|F(2)|sp-
p= il sup| ()l
Is there a function F' € F s.t. p =sup|F(2)|sp?
z€D
It is the purpose of this note to show that the answer is affirmative in the cases
N =2 and N = 3. Thus, our main results are:

Theorem 1.2. Problem 1.1 has a solution F' € F in the case N = 2.
Theorem 1.3. Problem 1.1 has a solution F' € F in the case N = 3.

The reason that we have stated these assertions separately lies in the fact that
the proofs that we will give are substantially different. In particular, we were
unable to use the result of Theorem 1.2 in the proof of Theorem 1.3. It appears
that the approach used in the proof of the latter is more general and that it could
have been employed in the proof of the former. Yet, since either method may
turn out to be fruitful in investigating the case NV > 3 we were inclined to present
both.

Before that, however, we need to introduce some notation and terminology.
This will be done in Section 2, together with several reductions which will show
that in order to prove Theorem 1.2 and Theorem 1.3 it suffices to prove their
special cases (Theorem 2.1 and Theorem 2.2 below). It turns out that proofs of
the latter results rely heavily upon some factorization properties of interpolating
functions. We will explore these and establish the needed facts in Section 3. In
Section 4 we will prove Theorem 2.1 and thus complete the proof of Theorem 1.2.
Finally, in Section 5 we will prove Theorem 2.2 and thus complete the proof of
Theorem 1.3.

The author would like to express his gratitude to Professor Hari Bercovici who
was kind enough to introduce us to the problem above and even more kind to
help during the preparation of this paper. Thanks are also due to the referee for
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a number of helpful sugestions. In particular, the proof of Lemma 2.4 is much
shorter and more elegant than in its original form.

2. PRELIMINARIES

As usual, N is the set of positive integers. When N € N and A is an N x N
matrix we will use tr(A) to denote the trace of A. It is well known that ¢r(A) is
the sum of the diagonal elements of A. Also, A(A) will denote the determinant
of A. The characteristic polynomial of A is pa()\) = A(A — M), where I is the
identity N x N matrix. When N = 3, the characteristic polynomial can be written
as

pa(N) = A2 —tr(A)N% 4+ 5(A)N — A(A)

where 0(A) is the sum of all 2 x 2 principal minors of A. We will say that two
N x N matrices A and B are similar if there exists an invertible N x N matrix
X such that B = XAX~!. Each N x N matrix A can be viewed as a linear
transformation on N-dimensional Hilbert space and, consequently, we will use
||A|l to denote the norm of this linear transformation.

As we have mentioned, for any bounded function f on D, ||f| denotes the
standard norm on the Hardy space H>°, namely || f|| = sup{|f(2)| : z € D}. Since
we plan to use no other norm, we will omit the usual subscript (as in || f||oc). One
knows that functions in H*° possess the factorization property: if f € H then
f = Bye9, where By is a Blaschke product. When 21, 22, ..., 2, are in D we will
write

zZ— Zk

1— 2z

n
B(z1,22,...,2n) = H
k=1

or simply B when it is clear which complex numbers z1, 2o,..., 2z, are used. Fi-
nally, as is customary, for a complex number z = a + ib, where a and b are real
numbers, we use the notation a = Rez, b = Imz.

Although Theorem 1.2 and Theorem 1.3 are stated for arbitrary N x N matri-
ces, we will show that there is no loss of generality in assuming that they possess
some additional properties.

Theorem 2.1. Let n be a positive integer, and let z1,22,...,2, € D. Suppose
that Ay, As, ..., Ayn are 2 X 2 matrices such that for each k, 1 < k < n, the entries
of Ay on the main diagonal are equal and such that if the (1,2) entry of Ay is 0
then so is the (2,1) entry. Let F denote the set of functions F : C — My that
are analytic and bounded in D, and such that for every FF € F and 1 < k < n,
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F(Zk) = Ak. Let
p= gggigg\F(@Iw

and suppose that p < 1. Then there is a function F' € F s.t. p =sup|F(2)|sp.
z€D

In order to formulate a similar result in the case N = 3, we introduce the

following concept.
N

Definition 1. An N x N matrix A = <aij)i =1 is said to be in a modified Jordan
form if a;; = 0 when j # ¢ or ¢ + 1, and if a;2 # 0 whenever A is not a scalar
multiple of the identity.

The significance of this form comes from the following result.

Theorem 2.2. Let n be a positive integer, and let z1,z2,...,z, € D. Suppose
that Ay, As, ..., A, are 3 x 3 matrices such that for each k, 1 < k < n, Ay is
in a modified Jordan form. Let F denote the set of functions F' : C — M3 that
are analytic and bounded in D, and such that for every FF € F and 1 < k < n,
F(Zk) = Ak. Let

— inf F
p Fuelf_ilég\ (2)sp

and suppose that p < 1. Then there is a function F' € F s.t. p=sup|F(z)|sp.
z€D
We will now prove several easy lemmas which will show that Theorem 2.1
implies Theorem 1.2 and that Theorem 2.2 implies Theorem 1.3. First we will
establish that each matrix Ag, 1 < k < n, can be replaced by a matrix similar to
it. Actually, we can make this reduction regardless of the size of these matrices.

Lemma 2.3. Let Problem 1.1 denote Problem 1.1 where matrices Aq,..., A, are
replaced by, respectively, similar matrices Aq,...,A,. Then Problem 1.1 has a
solution iff Problem 1.1 does.

Proof. Let {X;}7_, be invertible N x N matrices and denote A, = XpARX
k=1,2,...,n. One knows, (cf. [2]) that every invertible matrix has a logarithm.
In other words, for k = 1,2,...,n, there is a matrix Y} such that X; = e¥* (and,
hence, X,;l = e~ k). Let G be an analytic function that interpolates the sequence
{¥i} i. e., such that G(z;) = Yz, 1 < k < n. Furthermore, let F = ¢ Fe~C,
Then F is an analytic function satisfying F(z;) = Ag, k =1,2,...,n, if and only
if F is an analytic function satisfying F(zk) = Ay, k=1,2,...,n. In addition,
|F(2)|sp = |F(2)sp for all z € D, so p is the same in Problem 1.1 and Problem
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1.1. We conclude that F is a solution of Problem 1.1 if and only if F' is a solution
of Problem 1.1. O

Our next result deals with the fact that matrices in Theorem 2.1 are of very
special form (constant main diagonal).

Lemma 2.4. Let A be an N x N matrixz with trace t. Then A is similar to a

matriz A which has every entry on the main diagonal equal to t/N. Furthermore,
~ 2

when N =2, A = (&ij)

i1 Can be selected in such a way that either a2 # 0 or

both C~L12 = agl =0.

Proof. First we consider the case N = 2. The Jordan form of a 2 x 2 matrix
comes in one of the three types:

o) (o) e (G5) ro

Moreover,
, (otB a-8
1 1 a 0\ /1 1Y\ 2 2
G260 - S

Since every matrix is similar to its Jordan form this completes the proof when
N = 2. An inspection of possible forms verifies the last assertion of the lemma.
When N > 3 the result is an easy consequence of the Toeplitz-Hausdorff the-
orem (cf. [3, Problem 210]). Indeed, let e, ea,...,en be an orthonormal basis of
N
CV and let X € My satisfy tr(X) = 0. Then > (Xeg,ex) = 0 and the convex-

k=1
ity of the numerical range implies that there exists a unit vector f; € CV such

that (X f1, f1) = 0. Denote by fia, fi3,.. ., fiy an orthonormal basis of Hi-, the
orthogonal complement of the one-dimensional subspace spanned by f;. Then
N
S (X fik, fir) = 0 so the compression of A to Hi has zero trace and, conse-
k=2
quently, there is a unit vecor fo € Hi satisfying (X fa, f) = 0. Continuing this

process we obtain an ortonormal basis fi, fa, ..., fy for CV in which the matrix
for X has zeros on the main diagonal. Applying this observation to X = A—t¢/N
completes the proof. O

Our next reduction is directed at p. Without loss of generality we can assume
that p < 1. Indeed, it is easy to see that, if M is an arbitrary positive number,
Ap=A/M, k=1,2,...,n, and F = F/M, then F is an analytic function such
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that F(z) = Ay, if and only if F is an analytic function satisfying F(z;) = A,
k=1,2,...,n. Using the natural notation
p= inf Sup|F(z)|sp~
FeF zeD

it is clear that p = p/M and that each of the two extremal problems has a
solution if and only if the other one does. Therefore, there is no loss of generality
in assuming that p < 1. This shows that Theorem 2.1 implies Theorem 1.2.

Now we turn our attention to the form introduced in Definition 1. Our next
result justifies the word “canonical”.

Lemma 2.5. Let A be an N x N matriz. Then A is similar to a matriz A which
is in the modified Jordan form.

Proof. Clearly, A is similar to a matrix A’ which is in Jordan form. Therefore,
A’ is a direct sum of Jordan blocks. If at least one of these blocks has a nonzero
off-diagonal entry a permutation of blocks leads to the desired form. If each block
is a diagonal matrix, and if A’ is not a scalar multiple of identity, then there is a
permutation X such that XA’X ™! = A= (dij) satisfies G171 # dgg. Since

1T 11

0 1 “\o 1)’
1 1 - a1 0 1 -1\ a11 G2 — a1
0 1 0 an/\0 1/ \o0 2o '

and since A can be written as a direct sum

A = <&11 AO ) @A/
0 a9

11
Y = I.

Then A = YAY ! is in the modified Jordan form. O
Finally, we notice that Lemma 2.5, together with Lemma 2.3 and the remark
following the proof of Lemma 2.4, shows that Theorem 2.2 implies Theorem 1.3.

we can take

3. FACTORING INTERPOLATING FUNCTIONS

In this section we are interested in the following problem. Let {z1,29,...,2,}
and {wy,wa,...,w,} be subsets of D and let G be a bounded analytic function
on D that is interpolating for these sets i. e., let G(zx) = wg, k =1,2,...,n. If
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each member of the latter set is written as a product of two complex numbers,

say wg = arbr, k =1,2,...,n, does it follow that G can be written as a product
of two functions u and v, bounded and analytic on I, such that u(zx) = a and
v(zk) = bk, k = 1,2,...,n?7 The following example shows that the answer is
negative.

Ezample 3.1. Let G(z) = z, n = 1, 21 = 0, w1 = 0, a3 = 0, and b = 0.
The conditions on u and v mean that u(0) = 0 and v(0) = 0. Thus, u(z) =
zug(z) and v(z) = zvg(z) for some bounded analytic functions ug and vg. If the
factorization G(z) = u(z)v(z) were valid for all z € D then it would follow that
z = zup(z) - zvp(2) so that ug(z)vo(z) = 1/z contradicting the boundedness of ug
and vg.

It turns out that the obstruction featuring in Example 3.1 is the only one, and
we will shortly demonstrate (Proposition 3.3 below) that without it the problem
posed at the beginning of this section has an affirmative answer. In view of this
one can ask whether, assuming that ag, by € D, k =1,2,...,n and that |G| < 1,
it is possible to select functions u and v in such a way that ||u||, [|v]| < M, where
M is a constant independent of G. Unfortunately, this is not possible in the
general case as the following example shows.

Ezample 3.2. Let m € N, G(z) = 2™, n =2, 21 =0, 250 = 1/2 (so that w; = 0,
we =1/2"™). Let a1 =0,a2 =1,b; =1, by = 1/2™. Since v(0) = 1 it follows that
u(z) = 2™ug(z) where ug € H*. On the other hand, u(1/2) =1 so up(1/2) = 2™.
Therefore, |lug|| > 2™ and, hence, |lu]| > 2™. Yet, |G| = 1.

An analysis of Example 3.2 reveals that this obstacle can be avoided if u(z)
can “share” the zeros of G with v(z). The following result summarizes the ideas
of this section.

Proposition 3.3. Let n € N, and let wy,ws,...,w, € D. Let ay,as,...,a, and
b1,b2,...,b, be complex numbers in D satisfying wy = axby, with the property
that ap, =0 = b, =0, k = 1,2,...,n. Suppose that z1,22,...,2, € D, and let
G be a bounded analytic function on D such that G(zx) = wg, k = 1,2,...,n,
and such that if for some k, 1 <k <n, ap = b = 0 then G has at zx a zero of
multiplicity no less than two. Then there exist bounded analytic functions u and
v on D such that G = wv, u(zx) = ag, and v(zx) = b, k =1,2,...,n. Moreover,
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a=min{|z; — 2| 14,7 =1,2,...,n, i # j}
n = min {{]ag| : ar # 0} U{1}}
@) My = 7+ max{|Ing, | In(2/a)" |}

n—

M = 3eMon/)" " max{||G||, 1}

then u,v can be chosen so that ||u|| < M/3, ||v|| < M/3. In addition, the function
u can be chosen in such a way that if u = Bye9, where By, is a Blaschke product
and g € H®, then ||g|| < Mon(2/a)" L.

In order to prove this assertion we need the following lemma.

Lemma 3.4. Let n € N. If z1,29,...,2, € D, and wy,ws,...,w, are complex
numbers such that |wg| < M, k=1,2,...,n, then there exists a function f : D —
C possesing the following properties:

(i) f is bounded and analytic in D,
(“) f(zk) = Wk, k= 1,2,...,n,
(i) ||f|l < Mn(2/a)""t, where o = min{|z; — 2;| : i # j}.
Proof. Let Bj(z) be the Blaschke product that has a simple zero at all of

{21}7_, except at z; i. e., Bi(2) = [] £ Zi, i=1,2,...,n. Let f;(2) = Bi(2)-
j# L TR
Bwi , and define f(z) = > fi(z). Conclusions (i) and (i) follow immediately.
i\Zi i=1
To show (4ii) we notice that

1< D> Nl <> Bill - —= <M . .
; ; |Bi(2:)| ; |Bi(zi)]

Since, for i # j,

|zi — 2] o

«
— 2 — =5
|]. — ZiZj| 1+ |ZZZ]| 2

it follows that
R o n—1
2) B> (5)
and )
"M 2\""
113 v =2 (2)
=1

5"
2
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Now we can prove Proposition 3.3.
S

Proof. Let G = Bg - Go = ][] By - Go be the usual factorization of G, where
k=1
By, are Blaschke factors and Gy does not vanish in ID. The elements of the set

{2}, can be numbered in such a way that a; =as =--- =a; =0 and aj, # 0
for k > j. We will show that there are functions wug, vg analytic and bounded in
D such that Gy = ugvg and such that if

(3) uw(z) = Bi(2) ... Bj(2) uo(2),
(4) v(2) = Bj11(2) ... Bs(2) vo(2),
then u,v have desired properties.
If ap, = 0, k = 1,2,...,n, then we can take ug(z) = 1. In this situation
|lu]l =1 and |jv]| = ||G]| and we are done. So, let us assume that ay # 0 for some

k, 1 <k <n. By (3), the prescribed (non-zero) values of ug are of the form

_ u(zg) _ ak
Bl(zk)u-Bj(Zk) Bl(zk)...Bj(Zk)7

and we denote these complex numbers by ¢j. Since

uo(2r)

2k — Zm « «
B z = >*7 1<m< 5
Baol = | 2 2 G dsms
we conclude that
1 1
lek| < - <

On the other hand, by definition of 7,

n
Br(en)] - 1B;(ar)] =

Thus, complex numbers {c}7_;, lie in the annulus {n < |z| < (2/a)"}. This im-
plies that Inn <In|cg| < In(2/a)”, k =1,2,...,n, and consequently, {Inc;}7_,
can be chosen in the rectangle {lnn < Re(z) < In(2/a)", —7 < Im(z) < 7}.
In particular, with M as in (1), all complex numbers {Inc}7_; lie in the circle
with center the origin and of radius My. By Lemma 3.4 there exists an analytic
function g such that g(z;) = Incy and ||g|| < Mon(2/a)"~!. We take ug = €.
Then, clearly, ug(zx) = ¢x as prescribed, and

lex| >

o] = sup |e9)] < sup 9@ < Mon2/ay= < M
z€D zeD 3
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Naturally, we take vg = Gge 9. Again, it is obvious that vy attains all of its

prescribed values, so it remains to establish the estimate on vg. Since ||Go|| = ||G||
we have
g g Il Mon(2/a)"t o M
[voll = [Goe™ I < [IGoll - lle™?[| < [IGle™™ < [|Gle™ <5
0

4. PROOF OF THEOREM 2.1

We notice that if the class F, as defined in Theorem 2.1, were sequentially
compact in the topology of uniform convergence on compact subsets of D the
theorem would follow immediately. Motivated by this observation we define, for
M > 0, a subclass F of F as the set of all f € F satisfying |[F|| < M. We will
show that if F is replaced by F that does not affect p.

Let Fy = {F € F : sup|F(2)|sp < 2}. Using the notation

z€D

re)- (1) 1),

as well as the fact that the eigenvalues A\ (z) and Aa(z) of F(z) are the solutions
of the equation A2 — tr(F)\ + A(F) = 0 we obtain that, for F' € Fy,

(5) [ f1+ fall <4, I fifa = fofsll < 4

Now, we proceed with a more dramatic reduction of the class F. We start by
defining
a=min{{|z —z|:4,j=1,2,...,n,1#j}
n = min {{|f2(zk) : fa(zr) # 0} U{1}}
Mo = 7+ max{| In7], | In(2/a)" |}
M = 24¢Mon(2/e)" "

similarly to definitions in Proposition 12. Next we consider the analytic function

4 £,)2
G = M = (fifa = faf3).

Our goal is to factor G into a product of two analytic functions u and v so that

(6) u(zk) = falzr), v(zx) = f3(zx), k=1,2,...,n.

Such a factorization is provided by Proposition 1. However in order to apply that
result we need to address the following issue: If, for some k, v and v are both
required to vanish at zj, then the function G must have a zero of multiplicity
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no less than 2 at z;. So assume that u(zz) = v(zx) = 0. Then, in view of
(6), fa(zr) = fs(zx) = 0. Consequently, f2(z) = (2 — zx) f2(2), and f3(2) = (» —
zr) f3(2), for some bounded analytic functions fs, f3. Furthermore, by assumption
F(zi) has all entries on the main diagonal equal, so fi(zx) = fi(2). Therefore,
f1(2) = fa(z) = (z—z1.) f(2), where f is a bounded analytic function. We conclude
that
(h() ~ ()
S

z— 21)2f(2)2 z =
= % + (2 — 20)2 fa(2) f (2).
This shows that, in this situation, z; is a zero of multiplicity at least 2. Also,

using (5), we see that

+ f2(2) f3(2)

| f1 + fall?
4

1G]l < + || fifa — fafs]| < 8.

Therefore, all hypotheses of Proposition 1 are satisfied and we obtain the desired
factorization G = uwv with u, v satisfying (6), as well as

M
Jull < %
and
ol < 2.
- 3

Next we define

u(z) %

Clearly, ||F|| < ||f1 + fall + |lul| + |Jv]| < 4+ M/3+ M/3 < M. Furthermore,
f?"(F) = f1 + f4 = t’l“(F) and A(F) = (f1 + f4)2/4 —NU’U = f1f4 — f2f3 = A(F)
This implies that the characteristic polynomials of F' and F' are the same and,
therefore,
|F(2)lsp = [F(2)lsp, z€D.

Finally, (6) and the equalities fi(z) = fa(2zx), k = 1,2,...,n, show that F(z;) =
F(Zk) ~ ~ ~

We conclude that F' € F. Since functions in the class F are uniformly bounded
by M, Montel’s Theorem ([4, Theorem 17.17]) shows that F is conditionally
compact. This means that if {F,,} C F is a sequence satisfying sup [Fn(2)|sp <

p+1/n, n € N, then there exists a subsequence {F),,} of {F,} such that F),,



12 SRDJAN PETROVIC

converges uniformly on compact sets in D (as k — 00) to a function F. Clearly,
F is analytic in D and satisfies ||F|| < M as well as F(z) = Ay, k=1,2,...,n.

Finally, it is easy to see that sup |F(z)|sp < p. This completes the proof of the
zeD
theorem.

5. PROOF OF THEOREM 2.2

The proof of Theorem 2.2 goes along the same lines as the proof of Theorem 2.1.
We have decided to omit some of the computations that are straightforward albeit
tedious. Again, we assume that, for any F € F, sup |F(2)|sp < 2, and we write

z€D

i fo fs
F=\/fi f5 fe
fr fs fo
We start by defining
(7) a:min{ﬂziizj‘:Z.hj:l,?a"',nai?éj}
(8) 8 =max{||Ax]| : k=1,2,...,n}
9) ¢p=min{l — |z;| : k=1,2,...,n}
10) ¢ =min{|fo(zx) — f1(ze)ll fo(z) — f5(2k)| :
|fo(zk) — fi(zu)|[fo(zk) — f5(zk)| # 0 }
(11) n =min {{|f2(zx)| : f2(2r) # 0} U{1}}
(12) My = 7+ max{|lnn|, | In(2/a)"|}
n—1
(13) M= (2)
L2\ 12Ms  16M3 8]
(14) M3¢<a) {Mﬁ e 1000, 3
n—1
(15) 7 = max{6, Mo, M3n (i) }
(16) M = 360e2Mon(2/e)" 1 13,

We remark here that definitions (7), (11), and (12) are the same as in Proposi-
tion 3.3 and Lemma 3.4.
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We claim that there exists a function
Uy U2 U3
F = Ug U Ug
U7 ug Ug

such that

(17) F(z1) = F(z), k=1,2,...,n
(18) 1| < M

(19) 1E(2)lsp = |F(2)lsp,  2€D.

In order to ensure (19) we will require that, for any 2z € D, the characteristic
polynomials of F(z) and F'(z) coincide. By comparing the coefficients of those
polynomials we obtain the equations

uy + us + ug = tr(F)
(20) urts + Uty + Ustlg — Ugy — uzty — ugug = O(F)
U UsUY + UsUgly + UsUsUS — UTUSUY — UgUgUg — UzUsur = A(F)

while (17) translates into

uj(z) = fi(2), i=12...,9, k=1,2,...,n.
Finally, we will obtain functions u; so that

luill < M/9, §=1,2,...,9.
Since each Ay is in the modified Jordan form we may take
uz3 =0 and wug=0.

Next, we choose functions u; and u such that uy(z;) = f1(2k) and u(zg) = fo(2k)-
Since |f1(zk)|, | fo(z)] < B, k=1,2,...,n, Lemma 3.4 shows that this choice can
be made in such a manner that |jui]| < Bn(2/a)" " and |Ju]| < Bn(2/a)" "
That way, using (13)

(21) sl < Mz, Jul| < M.
Of course, (21), (15), and (16) imply that
sl < -
-9

Let B = B(z1,22,...,2,) and let 01,05, ...,0, be complex numbers defined as

wizk) | u(ze)(F) (o) = tr(F)' (z)u?(z) = AE) (z1)

(22) O == B'(z) B'(z1)[3u?(2g) — 2tr(F)(zx)u(zg) + 6(F)(z)]
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for all k such that 3u?(zx)—2tr (F)(z1)u(zx)+0(F)(21) # 0, and 0 = 0 otherwise.
Then, using Lemma 3.4 once again, there exists a function v such that

(23) v(zg) =60k, k=1,2,... n.

In order to use full strength of that lemma we need to estimate the size of |0y,
k=1,2,...,n. One knows (cf. [5, page 272]), that if f € H*™, ||f|| < 1, z € D,
and f(z) = w then

1— |w?
!
<
@< T
An easy calculation yields the estimates
My
w'(z)| < ==
|u' (z)| 5
12
0(F)' ()| < s
(24) g
|tr(F)"(zx)] < —
¢
, 8
IAF) (ze)] < -
¢
Furthermore, it can be shown using (10) that, whenever 8 # 0, we have the
inequality
(25) [3u(zi) — 2tr(F) (zi)u(zx) + 6(F)(21)| > .

Z=Zm ., . .
————, it is an exercise in elementary

Finally, using the notation B,(z) =
mej L — 2Zm

calculus to show, using (2), that
, a\n—1
> (= .
(26) 1B'(=0) = (5)
We conclude from (22), (14), (24), (25), and (26) that

n—1 n—1 2
< 2 (2)7 200 GOM )y,
¢ \«a pan
Now Lemma 3.4 gives the estimate ||v]| < M3n(2/a)"~t. We define
(27) uo(2) = u(2) + B(=)o(2),

and we notice that

(28) ug|| < My + Man(2/a)™ 1.
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In view of (15) and (16) it follows that ||ug|| < 27 < M/9. Finally, we take

(29) us = tr(F) —uy — ug.

By (21) and (28), ||us|| < 6 + My + My + M3n(2/a)" 1. Once again, using (15)
we obtain that

(30) [us|| < 47

and thus, via (16), that | < M/9.
Now we turn our attention to the remaining functions to be determined: wus,
ug, ug, and uy. The system (20) can be written as

Uus

(31) UgUg = U1U5 + UTUY + UsUg — 5(F)
(32) UgUgr — Ugtgg = A(F) — ujusug
(33) uj(zx) = fi(2k), j=1,2,...,9, k=1,2,...,n.

First we consider the equation (31). In order to apply Proposition 3.3 we need to
show that if, for some k, ug(z) = u4(zx) = 0 then H = ujus +uiug +usug — I(F)
has at zx a zero of multiplicity at least 2. Clearly, H(z) = 0 for all k. We notice
that if ug(2z;) = 0 then Ay is a scalar multiple of the identity. A straightforward
calculation shows that, in this situation, H'(zx) = 0. So, z; is a double zero of
H. Therefore, there exist analytic functions us and uy satisfying (31) and (33).
Furthermore, since (21), (30), (28), and (15) imply that

(34) JJurus + urug + usug — 0(F)|| < Ma(47) + M2(27) + 47(27) + 12 < 1572,

Proposition 3.3 shows that ||us||, [Jus < eM™2/®)" ™" max{1572,1} and, by (16),
that ||uz|l, [Jua|| < M/9. In addition, if ug = B,,e9 then

2 n—1
(3) lol < Mo (2)
Now we turn our attention to equation (32) which, in view of (31), becomes
(36) U2UgU7 = [U1U5 + uiug + usug — 5(F)]’LL9 + A(F) — U1U5UY.

In order to find functions ug and w7 that satisfy (36) we will apply Proposition 3.3.
However, we need to make sure that R(z), the right hand side of (36) evaluated
at any zx, k =1,2,...,n, has a zero of sufficiently large multiplicity.

The fact that R(z;) = 0 follows from direct calculation and the observation
that Ay is in the modified Jordan form. Next, suppose that at some z; the
expression usugur has a zero of multiplicity 2. Since u7(z;) =0, k =1,2,...,n,
and us(z;) = 0 implies that ug(z;) = 0 we must have (at least) ug(z;) = 0. In
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order to show that R has a double zero at such z;, we consider its derivative R’.
Using (27), which implies that ufy = v’ + B’v+ Bv’, and the fact that B(z) = 0,

—R'(zx) = [v(21) B' () + v/ (z)][3u? (21) — 2tr(F) (zx)u(zx) + 6(F)(2r)]

(37) )
Hulzr)d(F)' (zr) — tr(F) (2r)u”(2x) — AF) (21)]-

If, for some k, 3u?(zx) — 2tr(F)(zx)u(zx) + 6(F)(2x) # 0 then (22) and (23) show
that the right hand side of (37) vanishes. Here, we use the fact that B’(z;) # 0.
On the other hand, if 3u?(2x) — 2tr(F)(zx)u(z) + 6(F)(zx) = 0 then u(zx) (and
hence ug(zg)) is a zero of the derivative of the characteristic polynomial. It can be
shown that ug(z) is a zero of the characteristic polynomial and, thus, ug(zy) is a
double eigenvalue of Ag. In particular, either fi(zx) = fo(zx) or f5(zx) = fo(2k)-
We omit the computations which show that, in this situation, the last expression
in brackets in (37) must also vanish at z.

Finally, if the multiplicity of some zj is 3 then us(zx) = 0 which, in its turn,
implies that Ay = AI. Since ug(zr) = 0 we already know that zj is at least a
double zero of R. In order to show that it is a triple zero, it suffices to show that
R"(z;,) = 0. Again, we leave the details to the reader.

We conclude that, in this sitaution, Proposition 3.3 applies. Therefore, the
analytic function

[U1U5 + UjUg + UsU9 — 5(F)}UQ + A(F) — U1U5Ug
U2

can be factored as G = uguy. Since, by (34), (28), (21), (30), and (35),

G:

(38)  [|IG] < (1572 - 27 + 8 + 7 - 47 - 27) Mo/ < yo7BMon(2/@)™

we obtain from Proposition 3.3 that [|jug|, [|uz|| < eMon(2/@)" ™" 4o73Mon(2/e)" ™"
The observation that, by (16), ||us]|, ||uz]] < M/9 completes the proof.
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