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ABSTRACT. Let T be an operator-weighted shift whose weights are 2-by-2 matrices. We
say that, given € > 0, T is in the e-canonical form if each weight is an upper triangular
matrix (a;;), with 0 < a11,a22 < 1 and ai2 # 0 implies a11,a20 < e. We generalize
this concept to operator-weighted shifts whose weights are n-by-n matrices and we show
that every polynomially bounded weighted shift, whose weights are finite-dimensional
matrices of the fixed dimension n, is similar to an operator in the e-canonical form.
This enables us to prove that every polynomially bounded weihghted shift with finite
dimensional weights is similar to a contraction.
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1. INTRODUCTION

Let H be a separable, infinite dimensional, complex Hilbert space and let
L(H) denote the algebra of bounded linear operators on H. An operator T in
L(H) is said to be completely polynomially bounded (notation: T' €(CPB)) if there
exists M > 1 such that for every positive integer n and for every n X n matrix of

polynomials (p;;),

(1) @iz < M { | @as)7, | 161 < 1

where the operator (p;;(T")) on the left side of (1) is an n X n matrix with operator
entries acting on the direct sum of n copies of H and (p;;(¢)) denotes an n x n
complex matrix. The infimum of all numbers M that can appear on the right
hand side of (1) is called the complete polynomial bound of T and it is denoted by
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Mepu(T). An operator T in L(H) is said to be polynomially bounded (notation:
T €(PB)) if there exists M > 1 such that (1) is true for n = 1. In this situation
the infimum of all such M is called the polynomial bound of T and it is denoted by
Mpp(T). An operator T'in L(H) is said to be power bounded (notation: T' €(PW))
if there exists M > 1 such that (1) holds for n = 1 and for every polynomial of
the special form p(¢) = ¢™ where m is a positive integer. Then, the infimum of
all such M is called the power bound of T and it is denoted by M,,,(T"). Also an
operator T' in L(H) is said to be similar to a contraction (notation: T €(SC)) if
there exists an invertible operator S in £(H) such that ||STITS|| < 1. It is easy
to see that
(SC) C (CPB) C (PB) C (PW).

One knows (cf. [4]) that (SC)=(CPB), but the relationship between the classes
(CPB), (PB), and (PW) is not completely understood. One does know, however,
that there are examples of operators in (PW) that are not in (PB) (see [1], [2],
3)).

It is the purpose of this paper to enhance our knowledge of these classes
by continuing the study of power bounded operator-weighted (unilateral) shifts
started in [6] and [5]. Recall that if {W,,}22; is any bounded sequence from L(H),
an operator T in £(H®0)) is called an operator-weighted shift with weight sequence
{Wi}2, (notation: T = Syqyy,y) if

S{WZ} (kla k2a cey kn,.. ) = (07 Wlkh W2k27 ceey Wnkna . ')a

for all vectors (ki, kg, ...) in H®0). The following proposition comes from [5].

ProrosiTiON 1.1. Suppose M > 1 and n € N. Then there exists an in-
creasing sequence {wn,(M)}S2, of positive numbers such that, for every sequence
{Wi}s2, of mutually commuting operators in L(K), satisfying dim K = n, Sgw,y €
(PW), and My (Stw,y) < M, we have that Sgw,y € (SC) and Mepy(Spw,y) <
wp,(M).

The principal result of this paper is that we can delete the assumption that

the weights are mutually commuting.

THEOREM 1.2. Suppose M > 1. Then there exists an increasing sequence
{wn (M)}, of positive numbers such that, for every sequence {W;}52, in L(K),
where dim K = n, Sgy,y € (PW), and My, (Sqw,y) < M, we have that Sqy,y €

In view of [5, Theorem 4.5] we have an immediate corollary:
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THEOREM 1.3. Let H be a Hilbert space and let {W;}2, be a sequence of
n-normal operators in L(H™) where W; = (NJ(,?) and N;,? commutes with N
for all positive integers i,l and for all integers j, k,r,s such that 1 < j, k,r,s < n.

Then Sqyw,y is power bounded if and only if it is similar to a contraction.

2. PRELIMINARIES

For use throughout the paper, we introduce the following notation and ter-
minology. We write C for the complex plane, D for the open unit disc in C, and
T for OD. As usual, we write N for the set of positive integers, Ny for the set of
nonnegative integers, and Z for the set of all integers. If n € NU{Ro} and K is any
complex Hilbert space, we write K™ for the (orthogonal) direct sum of n copies
of IC.

If K is any complex Hilbert space of dimension at most Ry and {D,,}52; is
any bounded sequence from L£(K), we denote by Diag(Dy, D, . ..) the operator in
L(K®0)Y satisfying

Diag(Dl,Dg, N ')(kh ]{32, N ) = (lel, l)g/{:27 . )

for all vectors (ki, ko, ...) in K®0). In the special case in which D,, = D for all n €
N, we write Diag (D1, Da, . ..) simply as Diag({D}). (Of course, Diag (D1, D, ...)

is also the direct sum & D,,.) Furthermore, if {W,,}22, is any bounded sequence

n=1

from L£(K), we denote by St} the operator in L(K®0)) satisfying
2) Swy (ks ko k) = (0, Wiky, Waka, ..., Wik, ..,

for all vectors (ki,ks,...) in K®). (In other words, S¢w,y is the unilateral
operator-weighted shift with weight sequence {W,}.) If all the weights in (2)
coincide with one weight W, we shall denote Sy, ; simply as Sgyy. Clearly Sqyy
is unitarily equivalent to the tensor product S ® W acting on H ® K where S is
a unilateral shift in £(H) satisfying Se,, = e,+1, n € N, for some orthonormal
basis {e,,}22; of H. Finally, associated with each ordered orthonormal basis X
of K are collections U(K, X) and V(K, X) of operators in £(K) defined as follows:
T € U(K,X) if the matrix of T with respect to X is in upper triangular form,
and T € V(K,X) if T € U(K, X) and its matrix (¢;;) with respect to the basis X
satisfies 0 < t;; < 1 for every i, 1 < 1 < mn. In this paper we will be studying
operator-weighted shifts whose weights are n x n matrices. Although we aim for
the utmost generality, we shall confine our attention to a subclass of n xn matrices,
and, therefore, to a subclass of operator-weighted shifts.
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DEFINITION 2.1. Let n € N, let K be a Hilbert space of dimension n, and
let X be an ordered orthonormal basis of KC. Let 0 < € < 1. An operator T € L(K)
is said to be in e-canonical form relative to the basis X (notation: T € C(K, X, €))
if T € V(K,X) and if the matriz (t;;) of T with respect to the basis X has the
property that if t;; # 0 for some 1 < i < j < n then ty; < € and tj; < e. If
{Wi}ien is a bounded sequence in L(KC) then the operator Spw,y acting on KXo
is said to be in the e-canonical form relative to the basis X if for every i € N, W;
belongs to C(K, X, €), and in this case we write Sgy,y € C(KC, X €).

The significance of the subclass above comes from the following lemma.

LEMMA 2.2. Let n, K, and H be as above. Suppose 0 < e < 1/2, M > 1,
and let Sgw,y be a power bounded operator-weighted shift with power bound M,
that is in C(IC, %X, €). Then there exists an invertible operator X € L (IC(NO)) such
that || XS, X|| < 1 and | X < 1, [ X1 = (20/e)" .

Proof. We define an operator L in £(K) as
L = Diag(1,¢/2M, (e/2M)?, ..., (e/2M)" 1),

and an operator X in £ (IC(NO)) as X = & L; where L; = L for all i € N. It is
i€EN

casy to see that | X|| =1 and | X! = (2M/e)"~!. Furthermore, X 1S,y X =

S{V'Vi}’ where W; = L~ W;L for every i € N. Thus it suffices to show that

|L='W;L|| <1 for every i € N. We fix i € N, and let (ax;) be the matrix of W; in

the basis X. Then the matrix of L™1W;L is

€ \J—k
@ (537)
and it is easy to see that L~*W;L € C(K,X,¢). Let J ={i: 1 <i<n and a;; >

e} and J_ ={i:1<i<nand a; < e}. Using the notation X = {x1,...,2,} we
see that the subspace Hy = \{I x; is reducing for L™'W; L and since L~ W, L|H
1€J 4

is clearly a contraction, we concentrate on L™ W;L|H_, where H_ = Y] x;. Of
[ASH .

course, if J_ is empty, there is nothing to prove, so we consider the nontrivial case
when J_ is nonempty.

We make an easy observation that the norm of L= W,L|H_ is the same as
the norm of the matrix A obtained from L~!'W;L by substituting a; by 0, for
¢t € Ji. The norm of A is clearly dominated by the sum of the norms of its
diagonal and its superdiagonals. In other words

[EUE |
k=1
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where, for every 1 < k <n, Ay = (Gpq), with Gpq = ape(e/2M)TPif g—p=k—1,
and a,, = 0 otherwise. Using the obvious fact that |a,,| < M for p # ¢, and
lapp| < €, 1 <p < n, we have that

gl <M (557)

for 2 < k <n, and ||A;| < e, so that

n k—1 _ n—1
||AH§€+ZM(L) :6+MLM<
k=2

2M 2M 1 — (e/2M)
<€+E;<6+Ei_26<1
21— (e/2M) 21—-1/2 =7

This completes the proof of this lemma. 1

REMARK 2.3. We note that (with the notation above) if (a;;) is the matrix
of an operator T' € V(K, X) then T is in e-canonical form if and only if for every

1 <7< j <nthe 2 x 2 matrix
Aii Q45
O ajj

is in e-canonical form. Accordingly, an operator-weighted shift Sgyy,y, where W; =
(w§2) belongs to V(IC, X) for every ¢ € N, is in e-canonical form if and only if, for

every 1 < j < k < n, the weighted shift with weight sequence

(1) (@)
()
0 wl(clk) ieN

is in e-canonical form.

REMARK 2.4. It is easy to see that if n € N, K is a Hilbert space of dimension
n, X is an ordered orthonormal basis of K, and {W,};cn is a bounded sequence
in £(K) such that for every i € N, the matrix of W; in X is (wﬁg)zkzl, then
the operator Sy, is unitarily equivalent to an n X n operator matrix (Sjk)?,kzl
where, for every 1 < j, k < n, Sji is a (scalar) weighted shift with weight sequence
{w§2) }ien.

Using this remark we can extend Definition 2.1 to some n X n operator

matrices.
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DEFINITION 2.5. If (Sjk)?,kﬂ and Sgw,y are as in Remark 2.4, we say that
(Sjk)7 g=1 is in e-canonical form, and we write (Sji) € C(K, X, €), if and only if
Stw,y has the same property.

It is obvious that if (S}z) € C(K, X, €), then (S;i) is an n X n upper triangular
matrix, where, for every j, k, 1 < j,k < n, S is a weighted shift with weights in
[0,1]. The following lemma is another easy consequence of the previous remarks

and definitions.

LEMMA 2.6. Let n € N, let G be a Hilbert space, and let (S;i) be an upper
triangular nxn operator matriz acting on G | such that, for every1 < j < k < n,
Sjr is a weighted shift with nonnegative weights not exceeding 1, relative to the
same decomposition of G. Then (S;i) is in e-canonical form if and only if every

2 x 2 operator matrix

S S, .
1< k<
S o] asi<ksn

is in e-canonical form.

Lemma 2.2 has shown that in order to prove Theorem 1.2 it suffices to es-
tablish a weaker conclusion that T' € C(K, X, €). The next lemma shows that we

can also make a weaker hypothesis.

LEMMA 2.7. Let M > 1, let n € N, let K be a Hilbert space of dimension n,
let X be an orthonormal basis of KC, and let {W;}ien be a bounded sequence in L(K)
such that Sgw,y €(PW) and My, (Sqw,y) = M. Then there exists an invertible
operator X in L (K®0)) such that X 'Sy X = Sy 1X1] [ X1 < M and,
for every i e N, W, € V(K, X).

Proof. One knows that each operator T € L(K) can be uniquely decomposed
as T = QR where @ is a unitary operator and R has an upper triangular matrix
relative to X. We define, by induction, a sequence {U;};en of unitary operators
in L(K). Let U; = I. If U, has been selected we define U, 41 to be the unitary
factor of W,U, in the decomposition above. Let U be a unitary operator in
L (IC(NU)) defined as U = Diag(Uy,Us, ...). Then U*Syya U = S{Wi} where W; =
U 1 W;U;. Since, by definition, W;U; = U;11R;q1, we have that W; = R4,
i. e., W; is represented by an upper triangular matrix, for every i € N. Once
again using the unitary equivalence set forth in Remark 2.4, we see that S (Wi}
(and, hence, S{yy,}) is unitarily equivalent to an n x n upper triangular operator
matrix (S;;). We construct the operators {Y;}?, in such a way that ¥, 'S;V;
is a weighted shift whose weights are nonnegative numbers not greater than 1



6 S. PETROVIE

and [|Y;|| - |V || € M (see [7] for details). If we define Y = Diag(Y1,...,Y,),
we have that ||V - [|[Y ™| < M. Since Y ~!(S;;)Y is unitarily equivalent to an
operator-weighted shift S (Wit where W; € V(K, X) for every i € N, the proof is

complete. 1

Thus in order to prove Theorem 1.2 it suffices to exhibit a similarity X €
L£(G™) such that X~1(S;5)X = (S;) and (S;j;) has one of the two equivalent

properties stated in Lemma 2.6. More precisely, we shall prove

THEOREM 2.8. Let n € N, n > 2, let G be a Hilbert space, and suppose
M > 1. Then for every e, 0 < € < 1/2, and for every §, 1 < § < 1/e, there
exists a positive number w = w(M, €, 8) such that for every upper triangular n X n
operator matriz (Sjx) in L(G™), where, for every 1 < j < k < n, Sy, is a
weighted shift, and, for every 1 < j < n, the weights of S;; belong to [0, 1] (relative
to the same basis of G), there exists an invertible operator X in L(G"™) satisfying
X, 11X < w, X~YSj6)X = (Sjk), and (S;) is in e;-canonical form, where
€1 = max{1/d, de}.

Clearly, Theorem 1.2 follows from Theorem 2.8, Lemma 2.2, Lemma 2.7, and
the observation that, if n = 1, the result follows from Proposition 1.1. Thus, we
concentrate on Theorem 2.8, but we shall postpone the proof of this theorem until
Section 6, because our first goal is to establish a slightly stronger assertion in the

special case n = 2.

ProOPOSITION 2.9. Let K be a Hilbert space of dimension 2, let X be an or-
thonormal basis of IC, and suppose M > 1. Then for every e, 0 < e < 1/2, and for
every 6, 1 < § < 1/, there exists a positive number w = w(M, €, §) such that for ev-
ery sequence {W;}52, in V(K, X) satisfying Sgw,y € (PW), and My, (Sgw,y) < M,
there exists a sequence {X;}ien in UK, X) such that the operator X = Diag(X;)
satisfies | X |, | X7 < w, X" 18w X = S,y and, for every i € N, W, is in
the €1-canonical form , where e = max{1/6,0e}. Furthermore, with the notation

()y2 i =(1)y2 ~ (i

W; = (wjk)j7k=1, W; = (wjk )i k=1, for i € N, we have that w; ) < 5w§?, for every

J
7, 1 <j<n, and every i € N, such that w](;) <e.



3. PROOF OF PROPOSITION 2.9

Let € be an arbitrary positive number less than 1/2, let 1 < § < 1/, and let
M > 1. We define the following three subclasses of matrices

i

in V(K,X). A matrix of the form (3) is
(1) Type IM,e) if 0<a<1l,e<y <1, |0 <M;
(2) Type II(M,€) if 0 < o,y < ¢, |8] < M;
(3) Type III(M,e) f 0 <y <e<a <1, |8 <M.

In the case when it is clear from the context what values of M and e are
being used, we shall use the notation Type I for Type I(M,¢), and similarly for
types II and III.

Let {W;}ien be as in the statement of the proposition and let T = Sgyy,3.
It is easy to see that, for every i € N, W; must be in one of the classes above. In
order to complete the proof we shall need several technical propositions which we
state here. The proofs of these assertions are postponed until Section 5.

PrOPOSITION 3.1. Let KC be a Hilbert space of dimension 2, let X be an
orthonormal basis of K, and suppose M > 1. Then for everye, 0 < e < 1/2, and
for every d, 1 < § < 1/e, there exists a positive number w = w(M, €, 8) such that for
every sequence {W;}2, in V(IC, X) that contains infinitely many operators of type
I(=I(M,¢)) and that satisfies Sgw,y €(PW), and My (Stw,y) < M, there exists
an operator X € L (K®0)) such that | X|],[| X7 < w, X 'S X = Sty
and, for every i € N, W; is in the e;-canonical form , where e, = max{1/0,de}.
Furthermore, with the notation W; = (“é?)?,k:p W = (uvj;));k:l, forie N, we
have that ﬁ)g? < 6w§?, for every j, 1 < j <mn, and every i € N, such that wj(z) <e.

An easy consequence of this proposition is that if 7" has infinitely many
weights of type I then T satisfies the conclusions of Proposition 2.9. Thus there
remains to investigate the case when T has only finitely many weights of type I,
or none at all. The next proposition shows that another restriction is available.

PRrROPOSITION 3.2. Let K be a Hilbert space of dimension 2, let X be an
orthonormal basis of IC, and suppose M > 1. Then for every e, 0 < € < 1/2,
and for every §, 1 < § < 1/e, there exists a positive number w = w(M,¢,0)
such that for every sequence {W;}32, in V(K,X) that contains infinitely many
operators of type II, and finitely many or no weights of type I and that satisfies
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Siwiy €(PW), and My (Sgw,y) < M, there exists an operator X € L (K®0))
such that | X, | X! < w, X 1Swa X = S,y and, for every i € N, W; is in
the €1-canonical form , where e; = max{1/6,0¢e}. Furthermore, with the notation

W; = (w%)ikzl, W; = (wg,’,j)?’k:l, fori € N, we have that 1[1](;) < 5w](-3), for every

7, 1 <5< n, and every v € N, such that wj(;) <e.

Clearly, these two propositions imply that, unless T has only finitely many
weights of type I and of type II (or none at all), T satisfies the conclusions of
Proposition 2.9.

So we may suppose that there exists N € N such that W; is of type III, for
every i > N. Again, we note that Sy} is unitarily equivalent to a 2 x 2 operator

matrix

(4) |:S{O"i} S{ﬁi}:|
0 Stma

acting on an orthogonal direct sum of two copies of a Hilbert space G, with 0 <
vi < e<a; <1and |G| <M for every i« > N. One knows (cf. [5, Lemma 3.3
and the proof of Proposition 2.7]) that there exists an operator X € £(G) whose
matrix relative to the same basis of G is diagonal and which satisfies || X|| < M,
[XH < 1/e, and XS, 3 X = Spa,y where, for i > N, &; = Lor a; < e
and &; < a; whenever a; < e. Then the operator X € L(G @ G) defined as
X = Diag(X, I) has the property that

7o g {S{ai} S{ﬁi}] T [S{ai} S{Bi}]
0 Sty 0 Sty

where S{ﬁi} = X*IS{@,}, and it is obvious that for every i > N, 8; = 0 if and
only if 5; = 0. Of course, T is unitarily equivalent to S (Wi} and M = My, (T) <
M?(1/€). Furthermore, it suffices to show that T satisfies the conclusions of the
proposition. Finally, we note that for every i > N, W; is type III(M,¢) (with
&; = 1). Thus, we concentrate on the operator-weighted shift T with the property
that, for any i > N, W; is of type III of the form

® o 0]

with 0 < 7; < e and |5;] < M. The following proposition shows how to handle

this situation.
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PRrROPOSITION 3.3. Let K be a Hilbert space of dimension 2, let X be an
orthonormal basis of IC, and suppose M > 1. Then for every e, 0 < e < 1/2,
and for every 6, 1 < § < 1/e, there exists a positive number w; = wi(M,¢,0)
such that for every sequence {W;}52, in V(K,X) for which there exists a positive
integer N such that, fori > N, W; is type 111 of the form (5), and which satisfies
Siwiy €(PW), and My (Sgw,y) < M, there ezists an operator X € L (K®0))
such that | X |, | X < w1, X 1S X = S,y and, for every i € N, Wi is in
the €1-canonical form , where ¢ = max{1/6,de}. Furthermore, with the notation
W; = (w;g)%kzl, W; = (ﬁ)ﬁ?)?kzl, fori € N, we have that @J(;) < 5w§?, for every
7, 1 <j<n, and every i € N, such that w](;) <e.

Clearly, it follows from Proposition 3.3 that T satisfies the conclusions of
Proposition 2.9 with w; (M) instead of w(M). But that, in its turn, implies that
T satisfies the conclusions of Proposition 2.9 with w(M) = M(1/€)w;(M). This

completes the proof. 1

4. SOME USEFUL SIMILARITIES

Before we can prove propositions 3.1 — 3.3, we need several lemmas. It will
be helpful to introduce some notation and terminology in order to simplify the
statements of these lemmas. The letter J will stand for either N or any initial
finite segment of N. The letter A (with or without an index) will denote a finite
subset of N, p (with or without an index) will be the smallest, and v (with or
without an index) the largest element of A. The letter  (with or without an
index) will denote the set of all positive integers between p and v that do not
belong to A, and, finally, the symbol = stands for the set of positive integers that
are not in A or €. Also, we shall employ the notation A < B for nonempty subsets
of N, if sup A < inf B. In the case when A = {a} we shall write a < B for A < B,
and B < a for B < A. Since the mentioned lemmas are needed to point out some
relationship between weights of types I — III, we fix M > 1, 0 < ¢ < 1/2, and
1 <6 < 1/e, and we shall work under a hypothesis that Syy,; is power bounded
with power bound M, acting on K®0)| where dim K = 2, and that there exists a
fixed orthonormal basis of IC in which every weight W; is represented by an upper
triangular matrix of one of the types I — III. We shall be employing the following

terminology.
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DEFINITION 4.1. Let (A;)icy be a family of subsequences of N. We say that
(A;) ts increasing if for any i,5 € J, i < j, we have that A; < Aj. If (A))icr
and (A})ieqr are two (finite or infinite) increasing families, we say that (A})
interlaces (AY) if for any i,j € J' there exists k € J" such that A} < A}l < Aj. If
each of the two families interlaces the other one, we say that they are interlaced.
In this situation, we extend the definition of Q so that it includes also the set of
all k € N such that A} < k < A} or A7 < 'k < A} for some i € J',j€J', and
FEUADUUAY),

We start with a very simple assertion.

LEMMA 4.2. Let A = {u,v}, and let W,, W, be operators of type III such
that Vk € Q, Wy is of type II. Then there exists an invertible operator X in
L (K®)) such that || X, | X1 < 1+ M, X 'Sqwy X = Spy,y, where W, = W,
fori e Z, a; = o, i = Vi, |BZ| < M(M 4 1)? for every i € AUQ, and W, is

diagonal.

Proof. Let X = Diag(X;) where X; =1 for i € ZU {u}, and

1 _ﬂu

6|
0 1

] , forieQuU{v}.
Clearly, X is a bounded invertible operator satisfying || X||, [|X || <1+ M, and
the weight sequence {W;} has desired properties. &

Lemma 4.2 easily generalizes to the case when A has more than 2 elements.

LEMMA 4.3. Let N € N, let A = {n;}Y,, and let W; be of type III for every
1 € A. Moreover assume that W; is of type II for every i € . Then there exists
an invertible operator X in £ (K®0)) such that | X|,[| XY < 1+ M/(1 —e),
XS X = Sty where Wy =W, fori € E, & = o, % = v, |fi] <
M1+ M/(1 = €)? for every i € AUQ, and W; is diagonal for i € A\ {u}.

N j-1
Proof. Let ap = > f; s, for 1 < k < N, with the understanding that

j=k s=k
k-1
IT 7s =1. Let
s=k

1 —ak
Ay = .
’ [0 1 }

Define X = Diag(X;) where X; = I for i € EU p, and X; = Agqq for ng <
i < mngy1, k=1,...,N —1. It is easy to see that |ax| < M/(1 —¢€), so X is a
bounded invertible operator with || X||, || X || < 1+ M/(1—¢). Verification of the
properties of the sequence {Wz} is left to the reader. 1
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Our next step is an easy generalization of Lemma 4.3.

LEMMA 4.4. Let (A;)ics be an increasing family of finite sequences in N.
Suppose that for any i, € J, i < j, and any x € A, y € Aj we have z < y.
Suppose that Vi € J, Vk € A;, Wy is of type III, and that Vi € J, Yk € Q;, Wy, is
of type II. Then there exists a bounded invertible operator X in L (IC(NU)) such that
[ XL [ XM <1+ M/(1—¢€) and such that X' Spyy X = S¢w,y where W; = W;
foranyi€ =, &; = oy, ¥ = i, |Bz| < M[1+ M/(1—¢€)]? for everyi ¢ =, and W;
is diagonal for any j € N and any i € A; \ {p;}.

Our next task is to establish the analogues of lemmas 4.2 — 4.4 for the oper-
ators of type I. Again we start with the simplest case.

LEMMA 4.5. Let A = {u,v}, and let W,, W,, be operators of type I such that
Vk € Q, Wy is of type II. Then there exists an invertible operator X in L (K(NO))
such that | X||,[| XY <1+ M, X 'S, X = Sy, where W; =W, foricZ,
& = ag, Yi =i, |8il < M(1+ M)? for everyi € AU, and W/L is diagonal.

Proof. Let X = Diag(X;) where X; =1 fori € 2U {u} , and

1 Bu

o
0 1

], for i € QU {v}.
It is easy to verify that X is invertible with || X||,||X !/ < 1+ M and that the
weight sequence {W;} has desired properties. &

The case when A has more than two elements is slightly different from the
situation in Lemma 4.3.

LEMMA 4.6. Let A = {ni}res, and let W; be of type I for every i € A.
Moreover, assume that W; is of type II for every i € Q. Then there exists an
invertible operator X in £ (K®0)) such that | X||,[| X7 < 1+ M/(1 +€) and
such that Xfls{wi}X = S{Wi}’ where Wy = W; fori € 2, &; = o, % = i,
13| < M[1+M/(1—¢)]? for every i € AU, and W; is diagonal fori € A except
for i =v in the case when J is finite.

ko k

Proof. Let by = > ( [] «s)B;, for 1 <k < N +1, with the understanding
J=1 s=j+1
k
that J] «as=1. Let
s=k+1
1 by
By, = .
=

Define X = Diag(X;) where X; = I for i € ZU {u}, and X; = By for ny, < i <
nk+1, k < N. It is easy to see that |bx| < M/(1 —¢), so X is a bounded invertible
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operator with || X||,||X || < 1+ M/(1 — ¢). Verification of the properties of the
sequence {W;} is left to the reader. W

As before, the case when there is more than one sequence A is an easy

extension of the previous lemmas.

LEMMA 4.7. Let (A;)icg be an increasing family of finite sequences in N.
Suppose that Vi € N, Vk € A;, Wy, is of type I, and that Vi € J, Vk € Q;, Wy, is of
type II. Then there exists a bounded invertible operator X in L (IC(NO)) such that
X[, 1 X 7Y < 14+ M/(1—€) and such that X Spw,y X = Sy, where Wi = W,
foranyi € 2, &; = aq, ¥ = i, |Bi) < M[1+M/(1—€)]? for every i ¢ Z, and W;
is diagonal for any j € J and any i € A; \ {v;}.

In the previous lemmas we were concerned with operators of type III or type
I. Now we can work on both types simultaneously.

LEMMA 4.8 Let Ay = {n;}ics and Ay = {m;},cs be increasing sequences of
positive integers such that for any i € J,

(6) n; < mg,
and if i +1 € J then
(7) m; < Mjy1.

Let W; be of type I (resp. type III) for every i € Ay (resp. i € As), and suppose
that Vi € J, and Vk, n; < k < m;, Wy is of type II. Let 6 be a positive number,
1 < § < 1/e. Then there exists an invertible operator X in L (IC(NO)) such that
X, 1X 1 < 6 and such that X' Sqw, X = Sy, where Wy, = W), whenever
m; < k <nip1, O = g, Ve = Vi, |Bk| < 6°M whenever n; < k < m;, and Wk 18

of type II(5°> M, max(1/9, d¢)) with ﬁ)j(];) < 5w§?), 1<5<2, forany k € A UAs.

Proof. Let X = Diag(Xy) where X = I for k < ny and whenever m; < k <

Njt+1, and

- [1/5 o]

0 9

otherwise. Once again, it is easy to see that X is a bounded invertible operator on
K®0) satisfying || X||,|| X 1| < 4, and that the sequence {Wj} has the required
properties. 1

In Lemma 4.8 we have assumed that the first weight that is not of type II,
must be of type I. However, we can easily dispense of this assumption.



13

LEMMA 4.9. Lemma 4.8 remains valid if the conditions (6) and (7) are re-
placed by the conditions

(8) mi < Ny,
and
(9) ng < Myjqq.-

Proof. If we define the operator 7" as the operator-weighted shift with weight
sequence {W;}5°,, where

0 0
(10) Wo = {O 1] )
then, since Wy is of type I, T’ satisfies the hypotheses of Lemma 4.8. In other
words, there exists an invertible operator X’ such that X’ 'TX’ is a weighted
shift whose weights {W;}52, satisfy the conclusions of Lemma 4.8. Moreover, it
follows from the proof of Lemma 4.8 that X’ is a diagonal operator, with some
sequence {X;}22, on the diagonal. It is easy to see that if X is a diagonal operator
with the sequence {X;};en on the diagonal, then X ~1TX is an operator-weighted
shift satisfying the conclusions of Lemma 4.8. &

The following lemma is an easy consequence of the preceding results.

LEMMA 4.10. Let (A})ies and (A])iesr be two interlaced families of sub-
sequences of N. Suppose that for every i € J' and every k € A, Wy, is of type I,
that for any i € J" and any k € A, Wy, is type III, that for any k € Q, Wy, is
type II. Then there exists a bounded invertible operator X in L (IC(NO)) such that

M M \?
1+ 14 5,
1—¢ 1—c¢

and such that X_lS{Wi}X = S{Wip where W; = W, for any i € =, and W;
is either a diagonal contraction or it is of type II(6> M, max(1/d,d¢)) otherwise.

Furthermore, uﬁj(;) < 6w§-§), 1<j<2,ieN.

_ M
s e

Proof. In the notation of Lemma 4.4, there exists a similarity X such that
[ X, [|[ X <1+ M/(1—¢€) and such that T} =X 1Sy, X = S,y where each
weight of type II becomes type II(M[1 + M/(1 — €)]?,¢), each weight of type I
remains unchanged and each weight of type III is diagonal (hence a contraction)
except for W,,,, i € N, which is of type ILI(M[1+ M/(1 - ¢€)]?,¢). Also @) = w(,
1 <j <2,i€eN. Obviously, My = M, (T1) < M[1+M/(1—e¢)]*. To this operator
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and its power bound M; we apply Lemma 4.7, thereby obtaining a similarity Y
such that ||V, |[Y 71| <1+ M;/(1 — €) and such that T, = Y_ls{wi}Y = Sy
where each weight of type II becomes type IT(M;[1+ My /(1 —¢€)]?, €), each weight
of type III remained unchanged, and each weight of type I is diagonal (hence
a contraction), except for W,,, i € N. Furthermore, wﬁ = 1I}§3-), 1 <5 <2
i € N. Now Lemma 4.8 or Lemma 4.9 yields another similarity Z such that
1Z|l,11Z7 || < & and such that T3 = Z~ 11,7 = S,y is an operator-weighted shift
whose each weight is either a diagonal contraction or of type I1(§2 Mo, max(1/6, 5¢))
with () < 6w\, 1 <j <2, ie N Thus (XYZ)"'T(XYZ) is a weighted shift
with the required properties and, clearly,

0 <

Xz ey 2y < [ o e 2

1—¢€

)
< |1+
1—c¢

which completes the proof of this lemma. 1

In the previous lemmas we have studied the interplay between weights of
types III and I. Now we turn our attention to weights of types IT and III.

LEMMA 4.11. Let Ay = {n;}ics and Ay = {m; }ics be two interlaced families
of one-element subsets of N. Let W; be of type II (resp. type III) for every i € Ay
(resp. i € Ng), and suppose that Yk € Q, Wy, is either diagonal or of type II. Then
there exists an invertible operator X in L (K®0)) such that | X| =1, | X7} =0
and such that X’ls{wi}X = S{Wi}, where Wy, = Wy, whenever k € Xi, and Wi
is either diagonal or of type II(6M, max(1/6,0€)) with QI)](I;) < (5w§-§-), 1<j<2,
for any k ¢ =.

Proof. Let X = Diag(X}y) where X, = I for k < ny and whenever m; < k <

Ni+1, and

X {1/5 0]

0 1

otherwise. Once again, we leave the details of the proof to the reader. 1
Again, the following lemma is an easy corollary of the previous results.

LEMMA 4.12. Let (A});cyr and (A);cyr be two interlaced families of sub-
sequences of N such that Q is empty. Suppose that for every i € J' and every
ke A, Wy is of type III, and that for any i € J” and any k € A, Wy, is of type
II. Then there exists a bounded invertible operator X in L (IC(NO)) such that

_ M
< (152 )
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and such that X_IS{Wi}X = S{Wi}, where W; = W; for any i € =, and W;
is either a diagonal operator of type III (hence a contraction), or it is of type
II(6M,e1), otherwise. Furthermore, u?j(;) < 6wj(;.), 1<j5<2,ieN.

Proof. We apply Lemma 4.4 to the family (A});c;s to obtain a bounded
invertible operator X in £ (K®0)) such that || X||,[| X! < 1+ M/(1 —¢€) and

such that X‘ls{wi}X = S{Wi}’ where W, = W, for any i ¢ jg}/ Aj, Wiis a
diagonal operator of type III for any j € J' and any ¢ € A; \ {g;}, and for every
j € J, Wy, is of type III(M[1 + M/(1 — €)]?,¢). Also 11),(;,3 = w,(;k)7 1<k<2
i € N. Now the families Ay = {u;}jes, Aoa = {v;},cs~ satisfy the hypotheses
of Lemma 4.11, hence there exists a bounded invertible operator Y in £ (IC(NU))
such that |V =1, |[Y ! = 4, and such that X_lS{Wi}X = Sy, where the
sequence {W;};cn has the required properties. Clearly

_ M
v (1 72 )6

and the lemma is proved. &

5. PROOFS OF PROPOSITIONS

In this section we will prove the propositions 3.1 — 3.3, thereby completing

the proof of Proposition 2.9.

5.1. PROOF OF PROPOSITION 3.1. Let € and § be arbitrary real numbers such
that 0 <e<1/2and 1 <4 < 1/e. We set

M M \?
1 1 .
+l—e<+l—e)]5

Using all weights of type III and type I, we obtain two interlaced families (A});e -,

o= 141

1—c¢€

(AY)ie g which satisfy the conditions of Lemma 4.10. Of course, if there are no
weights of type III, then J” is the empty set and J' = {1}. Thus Lemma 4.10
shows that there exists an invertible operator X satisfying (11) and such that

T, = X 'TX is a weighted shift S (Wi} all of whose weights are either diagonal
contractions or they are of type I1(§2M, €;), where €; = max{1/d, e}, and QI)](? <

%), 1 <5 <2,¢4€ N. In other words, 77 is in the €;-canonical form , and
I X1I, IX~1|] < w. This completes the proof of this proposition. &

ow
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5.2. PROOF OF PROPOSITION 3.2. Let ¢ and 0 be arbitrary real numbers such
that 0 <e<1/2and 1< d < 1/e. We set

= |1+ M 1+ M 1+ M\ 1)
wo = 1—c¢ 1—c¢ 1—c¢ ’
and M2
ww0{1+ wo}&
1—61

First we consider the case when {W;};cn contains finitely many weights of type
IIT or none at all. Then all weights of type III and of type I form two interlaced
families (A})iesr and (A})jes» where both J" and J” are either finite or empty.
Therefore, Lemma 4.10 implies that there exists an invertible operator X satisfying
(11) and such that T3 = X ~!TX is an operator-weighted shift S (Wi} whose all
weights are of type I1(62M, €1), or diagonal operators of type III or type I (hence
53) = w%—), 1<j<2,i€N. Since wy < w, this completes the
proof in the case when there are finitely many weights of type III.

contractions) with @

Next, we consider the case when {W,},cn contains infinitely many weights
of type III. Let ig be the largest positive integer such that W;  is of type I, let jo
be the smallest positive integer greater then iy such that W;, is of type III, and
let ko be the smallest positive integer greater than jo such that Wy, is of type
I1. Again, all the weights of type I and the weights W; of type III for i < kg are
indexed by two interlaced families (A)ic;s and (A});jes» where both J" and J”
are either finite or empty. Using Lemma 4.10 we obtain an invertible operator X
satisfying (11), and such that 7y = X ~'T X is a power bounded operator-weighted
shift with power bound M; = M,,,(T1) < Mwg?, whose all weights Wi, for i < kg,
are either diagonal operators of type III or type I (hence contractions), or they
are of type I1(62M, ;). Also ﬁ)%) = w%), 1 <j<2,i€eN. Now we concentrate
on weights W; = W, for i > kg, and we notice that the operators of type II and
IIT form two interlaced families that satisfy the hypotheses of Lemma 4.12. Thus,
there exists a similarity Y satisfying ||Y||,|Y || < [1 + M1 /(1 — €1)]d, and such
that Tb = Y~'T1Y is an operator-weighted shift whose all weights W, for i > ko,
are either diagonal contractions or of type II (6 M, €1), and 12)5? < 5w§?, 1<5<2,
i € N. Since, for i < ko, all the weights W; of T, coincide with the corresponding
weights V~VZ of T, we conclude that the operator T is in the e;-canonical form .
Finally, we note that T, = (Y X)™1T(Y X) and

_ M,
X)X < 14 7| 6=

This completes the proof of this proposition. 1



17

5.3. PROOF OF PROPOSITION 3.3. Let ¢ and 0 be arbitrary real numbers such
that 0 <e<1/2and 1< d < 1/e. We set

M, M, M
2 (1 2o (142,

and we consider a sequence {W; };cn such that for ¢ > N, where N is some positive

o)

1

integer, W; is type III of form (5). Let k be a positive integer greater than N.

o) i—1
> 6 I

i=k  j=k

Consider the infinite series

k—1

with the understanding that [] v; = 1. We will show that this series converges.
j_

Indeed, let {0k, }ien be the nonzero members of {5;}i>,. Then the series above

can be rewritten as
ki—1

Zﬁk H Vi

We note that if §; # 0 for some ¢ > N, then W; is of type III, so 7; < €. Since for
every ¢ € N, v; < 1 we have that

ki—1 ki—1

Zﬁk H% §Z|ﬁk|H%

i— 1 1

1—c¢

Thus, the series converges for every k& > N. We denote its sum by sg, and note
that |sg| < M/(1 —€). Let

1 —s

Y:
’“[01

} e L(K), k>N,

let V), = I for k < N, and let Y = Diag(Y;,) € £ (K®)). Then ||[Y 1, [Y] <
1+M/(1—-¢), T = YflS{Wi}Y = S{W} is a power bounded operator-weighted
shift with power bound M; = M, (T1) < (1 + M/(1 —¢€))2M, and

~ 1
W; = { 0}, forany: > N,
0 %

with 0 < <1, and W; = W, for i < N. Clearlyu?g.) §3)71<J <2,i€N.
Next we split all the weights of type III and type I (among the first V) into
two interlaced families satisfying the conditions of Lemma 4.10. Thus, there exists

a bounded invertible operator X in £ (™)) satisfying (11) with M; instead
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of M, and such that T, = X171 X is an operator-weighted shift with weight
sequence {Wi};’io, where, for any i < N, W; is either a diagonal contraction or
it is of type II(6°My, e1) with @) < 6wl 1 <j <2 i €N, and W; = W; for
i > N. Thus T} is in the €;-canonical form and, since Ty = (Y X)~'T(Y X) and

[(YX)~!|, |V X|| < w1, the proposition is proved. &

6. PROOF OF THEOREM 2.8.

We introduce an ordering in the set {(7,7) : 1 < i < j < n}. We say that
(i1,71) precedes (i2,j2), and we write (i1,71) < (i, o) if j1 — i1 < jo —ig or if
j1 — i1 = jo — iz and i1 < iy (and, hence, j; < j2). In other words we have a

sequence
(12) (1,2),(2,3),...,(n—1,n),(1,3),...,(n—2,n),...,(1,n—1),(2,n),(1,n).

For any p, g, such that 1 < p < ¢ < n, Proposition 2.9 yields diagonal operators
A, B,C in L(G) such that A and C are both invertible and

A7 —AlBCl] [Spp Spq} [A B} _ [Kl KQ]

1
(13) 0 ct 0 S4)l0 C 0 Ks

where K, Ky, K3 are weighted shifts (with weights belonging to [0, 1]) relative to
the same basis of G, and the matrix on the right side of (13) is in the €;-canonical
form . Furthermore, if any weight of Sy, (resp., Syq) is at most €, the corresponding
weight of K (resp., K3) is at most de, hence does not exceed €;. Applied to the
n x n matrix (S;;) this implies that, if we define X = (x;;) as
A ifi=p
Tii =4 C ifi=gq
I otherwise
and, for i # j
mij:{B ifi=p,j=q
0 otherwise
then X ~1(S,;;)X = (S;;) has the submatrix

Spp *?pq
0 Syq

in the e;-canonical form . The key observation, which we shall prove now, is that
if (r,t) < (p,q) and if

) [ 5]

0 Su
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is in the e-canonical form, then

(15) {SM 5”]

0 Su
is in €;-canonical form. In other words, going along the sequence (12), we can
transform (one by one) the 2 x 2 submatrices into e-canonical form without losing

this property for the preceding submatrices. Therefore, we concentrate on the
statement above, which we state as

LEMMA 6.1. Let n € N, let G be a Hilbert space, and let (S;;) be an upper
triangular n x n operator matriz acting on G, such that Sij is a weighted shift
(relative to the same basis of G). Let p and q be positive integers satisfying 1 <
p < q < n, and suppose that, for every (r,t) < (p,q), the matriz (14) is in the
e-canonical form. Then there exists an invertible operator X = X(p,q) on g
such that || X ||, |X 7Y < w(M) and such that X~1(S;;)X = (Si;) is an n x n
upper triangular operator matriz, S‘ij is a weighted shift for every 1 <i < j <mn,
and the 2 x 2 matriz

1) ks S}

is in e1-canonical form. Moreover, for every (r,t) < (p,q), the matriz (15) is in
the €1 -canonical form .

Proof. We define X = (x;;) as above. Clearly, S;; is an upper triangular
matrix, and the estimates on || X|| and || X!/ follow from Proposition 2.9. In
order to prove the remaining assertions of this lemma we introduce the notation
(aij) = X' —Igm, (cij) = X — Igem. Then, an easy calculation shows that
(Si;) = X~1(S;;) X is a matrix whose (i, ) entry Sj; is

(17) Sij + Sipcpj + SiqCqj + QipSpj + aiqSqj + @ipSppCpj + AipSpCqj + AigSeqCa;-

Since both (a;;) and (¢;;) have the only nonzero entries if i € {p,q} or j € {p, ¢},

it is obvious that 7 ¢ {p,q} and j ¢ {p, ¢} implies Sij = S;;. Therefore, it suffices

to establish the assertion in the case when at least one of i, j, belongs to {p, q}.
First we consider the case when ¢ = p. Then (17) reduces to

(18) Spj + SppCpj + SpqCqj + AppSpj + ApgSqs + AppSppCpj + AppSpgCqj + ApgSqqCyj-
If j = p then (18) is

(19) Spp + SppCpp + AppSpp + ppSppCpp = (1+app) Spp(1+cpp) = AilSppA = K;.
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If j = ¢q then (18) is

Spq + SppCpq + SpgCaq + AppSpq + ApgSqq + AppSppCpg + AppSpaCaq + ApgSeqCaq =
= (14 app)Spq(1 + cqq) + apgSeq(1l + cqq) + (1 + app) Sppcpq =
=A"'5,,C+(-A'BC™1)S,C+A™'S,,B = K. (20)

If j # p and j # ¢, (18) becomes

Spi + appSpj + apgSqj = (1 + app)Spj + apgSesj =
=A"'S,; + (—AT'BC™Y)S,;. (21)

It is easy to see that if j < p, Sij =0, and if p < j < ¢, (21) becomes A71S,;.
This shows that if i = p, S’ij =0 for j < p and Sij is a weighted shift for j > p.

Next we turn our attention to the case i = ¢. In this situation, (17) reduces
to

Sqj + SqqCqj + AqqSqj + AqqSqqCej =
= (1 + agq)(Sqj + Sqqcqj) = 071(qu + SgqCqj)- (22)

If j < g, then S’ij = 0 and it is clear that qu is a weighted shift for every j > q.
Notice that, if j = ¢, then (22) is

(23) (1+ agq)Sqq(1 + cgq) = C71544C = K.

Finally, if ¢ # p and i # ¢, then, as we noticed before, we consider two
possibilities: j =p or j = ¢. If j = p, we can write (17) as

(24) Sip + SipCpp + @ipSpp + AipSppCpp-
Of course, 7 > p implies S’ij =0 and if ¢ < p, (24) reduces to
(25) Sip(1+ cpp) = SipA,

and it follows that, for j = p, S;; is a weighted shift. If j = ¢, (17) becomes
(26) Siq + SipCpg + SiqCqq + QipSpg + AiqSqq + ipSppCpq + @ipSpaCaq + AigSqqCaq-

It is easy to see that i > ¢ implies S;; = 0, and if i < ¢ (and i # p), then (26)
reduces to

(27) Siq + SipCpq + SigCqq = SipB + SigC,
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which shows that, once again, Sij is a weighted shift.

Next we investigate the properties of 2 x 2 submatrices. We notice that
(19), (20), and (23), together with the fact that the right side of (13) is in the
e1-canonical form , show that the matrix (16) has the same property. It remains
to be proved that, if (r,t) < (p,q), the matrix (15) is in the €;-canonical form .
Since, for i ¢ {p,q}, Sii = Si; we see, using (19) and (23), that both S, and S;;
have nonnegative weights not greater than 1. Since (r,t) < (p, q), S, is given by
one of the formulae (20), (22), (23), or (24). In each case, for any nonzero weight of
S+, the corresponding weight of S, is also different from zero which implies that
the corresponding weights of S, and Sy are at most e. For r ¢ {p, ¢}, Spr =S,
so its appropriate weight is at most €, and similarly for Sy Finally, if r = p or
r = ¢, then S, is given by (19) or by (23), and the similar statement can be made
for S;;. But, we have already seen that if a weight of Sj,, or Spq is at most €, then
the corresponding weight of K7 or K3 is at most €;. This completes the proof of

this lemma. 1

Now we can finish the proof of Theorem 2.8. If n = 2, the assertion follows
from Proposition 2.9. If n > 3, we define

_on(n—1)/2
e=272 ,

and we define the sequence €; = ¢, ¢, = \/&_1, 2 < k < n(n —1)/2, and the
sequence {d;} as d; = 6];1/2, 1 < k < n(n—1)/2. Notice that for every k,
max(1/6y, dper) = max(ep/?, ex/?) = €,1/? = €41 so Lemma 6.1 provides the
inductive step to get from first & submatrices in €-canonical form to first k + 1

submatrices in €j41-canonical form. Thus, after repeating the procedure n(n—1)/2

times, we obtain a matrix (Sy;) that is in €,,_1)/2-canonical form. Since an easy
calculation shows that €, (,—1)/2 < 1/2, the theorem is proved. 1
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