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We consider in this chapter symbolic and numerical computations related to the differentiation
rules. We aso explore implicit functions and implicit differentiation a little more than the text
does. Thisis loosely coordinated with Chapter 4 of the text Calculus with Early Vectors, by
Phillip Zenor, Edward Slaminka, and Donald Thaxton, Prentice Hall, 1999.

Warning: The fact that the TI-89 “ knows’ the differentiation rules does not relieve you of the
responsibility to learn them for yourself. Once you become fairly proficient at differentiation by
hand, you can write down the derivative much faster than you can type in the function and have
the calculator do it. Most instructors will want to test your knowledge of the rules of
differentiation in the absence of the tool. Use the tool only as an aid while you are learning the
rules.

1. Exploring Differentiation Ruleswith the Calculator

We explore various ways to see that the calculator knows the following rules:

Theorem Supposethat cisa real number, that f and g are real-valued functions so that
f and g’ aredefined at x, and that n is a positive integer. Then

(a) (cf)' (xX)=cf'(x). (Multiplerule)
(b (f+ )(x)—f(x)+g(x) (Sumrule)

(© ) (X)=f'(xX)g(x)+f(x)g'(x). (Productrule)
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When we ask to the cal culator to differentiate something undefined, it tends to indicate what it
will do asfar asit can. Effectively the“rules’ above allow usto differentiate any polynomial.
With alittle practice, you can write down the derivative of a polynomial much faster than you
cantypeintheorigina polynomial. Y ou can use the calculator to check while you are first
learning, but as soon as possible, you will want to loose your dependency upon the tool to do
simple derivatives.

More interesting are the generalizations of the product rule for vector-valued functions.

Theorem If hisareal-valued functionand f and g are vector-valued functions defined on a
common subset of R and differentiable at t, then
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Certainly the calculator knows and can implement the quotient rule and the chain rule. It can
actually “show you” the abstract quotient rule (using undefined functions) but it needs to know
the “outer function” to proceed with the chain rule.

Theorem If f and g are a real-valued functions defined on appropriate subsets of R and
differentiable at t, then

@ D(ij(x) = 9T~ TITX  (uetient Rule)
9 [9(x)]
(b D(fog)(x)=D(f(g(x))=1"(9(x)g(x) (ChainRule)
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2. Implicit Functions and Plotting

Up until now, you have tended to only work with functions for which you have asimple explicit
formula (such as can be easily typed into the Y = Editor). We now start to work with functions
which may not have such a simply-found formula. Consider the set of al pairs (x, y) in the plane

satisfying the equation

x> +y® =6xy.

Y ou can easily verify that the pair (3, 3) isin thisset. Wewishto claim that if you specify an x-
value near 3, then there is a corresponding y-value (also near 3) that still solvesthe equation. We
can use the numerical solver to see how thisworks for afew values.
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Enter desired x-value

Enter “seed” y-value

Press F2 Solve
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Enter x-value and “ seed”

We say that the equation

Press F3 Solve

Once more

x> +y® =6xy implicitly defined a function near the solution pair (3, 3).



What we want to do now isto get aplot of this function on the calculator. The trick we useisto
make use of acommand line version of this numeric solver, which can be found in the catalog.
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Command in CATALOG “Seed” islast argument as“y=3" 0<x<4.5,0<y< 35,
Press TRACE, typex =3

It is strongly suggested that you do not make your initial viewing window to large. Also sinceit
takes a very long time to do this plotting, select xres = 2 or 3 to reduce the number of points
plotted (and the time). Finally select the DOT style because this function might not be defined
for the whole x-range to give (the one above is not) and the LINE style might “drop down” to
another implicit function defined by the same equation.

To get alarger plot of the solution set for this equation, we expand the viewing window a little
and put in some additional numeric solver commands with different seeds.
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Voyage 200 screen, Y = Editor -45<x<45,-35<y<35, xres= 2 (plots slowly!)

From the plot, we can guess that for x = 3 there will actually be three different solutions for
possible y-values which solve the equation. We can go back to the interactive numeric solver
and try these alternate seeds to find that y = 3 or 1.8541019662496 or —4.8541019662499.

The TI-89 has implicit plotting as a style in 3D graphing mode, but you cannot easily add the
tangent line or trace along the curve (as we will want to do in the next section), so the above
seems better for aMATH 122 class.
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3. Implicit Differentiation

Once you get a rough understanding of implicitly-defined functions, then you can ask for how
we can find the derivative for such a function. It turns out that this usually ends up to be
implicitly-defined as well. For illustration purposes, we go through the steps for what is called

implicit differentiation for x>+ y® = 6xy.

2dy

3x° +3y° = v %

=6y +6X
y dx

dy dy
3y? 2 -6x—2 =6y —3%°
Y dx dx y-

(3y2 - 6x)% =6y —3x°

dy _6y-3%’ 3(2y XZ) _2y-%
dx 3y’ -6x 3(y’-2x) y’-2x
In particular, since we know that (3, 3) solves the original equation (giving us the “top” function
in our plot), then we can compute the derivative there.
d 293 _
gy (3)-203)
In asimilar fashion, we can find the derivatives at the other solutions corresponding to x = 3.
dy _ 2(1.8541019662496 ) - (3°)
dx x=3,y=1.8541019662496 ((1-8541019662496)2) —2(3)

dy _ 2(-4.8541019662499 ) —(3?)
dx X=3,y=-4.8541019662499 ((_4-8541019662499)2) - 2(3 )

=2.06524758425

= -1.06524758425

We now add the tangent lines (for the “top” function and the “middle” function) to the plot we
have of this curve.
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Although it might be more trouble than it is worth, it is possible to get the calculator to do
symbolic implicit differentiation. At least you can use it to confirm some of your hand work as
you are first learning to do implicit differentiation. To accomplish this, we need to convince the
calculator that y is some unknown function of x. We do this by replacing the single letter y by
the notation y(x). The result of differentiating such an equation has the derivative of this
unknown function y(x) in it. Unfortunately we can “solve” for such an unknown derivative in



the result. However we can substitute a new variable name (we use yp below) for this derivative.
Then we solve for yp.
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A tricky process like the above steps for implicit differentiation might be something that you
want to save in atext file. Notice that everywhere that we used the previous answer, the actual
answer has been inserted in the command as it appears in the history. You will have to edit the
text file to put the command ANS(1) back in. Then you can simply edit the original equation
and run the text file as a script to perform another implicit differentiation.
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To work a new problem, (1) edit the original equation (second line of the text file), (2) move the
cursor up to thefirst line, (3) press F3 View 1:Script view to split the screen to see both the text
file at the top and the home screen at the bottom, and (4) press F4 Execute four times to complete
the implicit differentiation.



1w Fev Fav & TE
- f—|Carmand|Uisw|Execute|Find.

17w Fev Fav & FE
- f—|Command|)iew|Execute[Find..

tHewPraob
CEiyg i ) 2=mhcos (yix i
Ciadlansila,x
Ciansill Idiytxn, xi=yp
Effolve(ans 1r.up2

tHewPrab

C:
Cidtanstly, =
EEans(l)ld(

(T 2Ag O 20 gy

Ll w)=gp
soluetanstll,upl

B zolvelZ up - Ul = cos(a0E) — g Sin(ucp
CosLUlxn

YR =

SIRlOlx x + 2ol

up = '[EU(KJJE'K + x5 - '=']
u(x)-[(u(x))2+ xz]

FAIN EAD AUTO FUHC

HMAlN EAD AUTO FUHC

4. Taylor Polynomials

There is a nice command to generate a Taylor polynomial of any order for a function centered at

any point.

Fir| F- Far | FE | F&- Fiz| Fe- |Fi<| Fu=| FE | Fé- Fir| FE- [Fa-[ Fur | FE [ Fé-

Touls ﬁﬂebrumuthtr P 30| Clean e ooz ebra|Cate| Dtk [Frarmim]cien up hata|hehe alCave|nthar e amin|c1dde s
2T int t. [ I S
E:%%mﬂcegra = So40 " izm & T F

faf sum " HewPraob Dore 1
5T product. mtayl [—, :2,1]
BiFMinG " baulor(singxd, s, 7, 0 AT TR
TifHaxd _ 5 e qn2 e
22 arclend R S S F(x—-1)7  3-(x 13.,.]_/4

o HeyP SE4 120 & ] 16

m— =| larsint=),x. 7.0 =| lor(l<01+3+x0 05, 2,10

THFE OF USE £374 + IENTER] OF [ESLT | AN RAD AUTD __ FUNC 2] FIRIN FAD RUTD ___ FUNLC E

To improve the speed of plotting, generate the polynomials in the home screen , copy and paste
the resultsin the Y = Editor for graphing. If you put the taylor command in the Y = Editor, the

polynomial is re-generated again for every point plotted.
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